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ABSTRACT 
        Cavity expansion/contraction problems have attracted intensive attentions over the past 
several decades due to its versatile applications, such as the interpretation of 
pressuremeter/piezocone penetration testing results and the modelling of pile installation/tunnel 
excavation in civil engineering, and the prediction of critical mud pressure required to maintain 
the wellbore stability in petroleum engineering. Despite the fact that various types of constitutive 
models have been covered in the literature on this subject, the soils and/or rocks were usually 
treated as isotropic geomaterials. 
        In recognition of the above fact, this research makes a substantial extension of the 
fundamental cavity expansion theory by considering the derivations of analytical solutions of the 
soil anisotropies (Dafalias, 1987), which include the initial K0 consolidation anisotropy developed 
in the deposition process and the stress-induced anisotropy as a results of the external loadings. It 
is found that the undrained/drained cavity expansion boundary value problems both can be 
eventually reduced to solving a system of first-order ordinary differential equations in the plastic 
zone, with the radial, tangential, and vertical stresses in association with the three anisotropic 
hardening parameters and specific volume (for the drained condition only) being the basic 
unknowns. Extensive parametric studies are then analyzed regarding the influences of K0 
consolidation anisotropy (including also the subsequent stress-induced anisotropy) and past 
consolidation history (OCR) on the cavity responses during the expansion process. 
        To solve the practical problems, this research develops an implicit integration algorithm for 
such anisotropic modified Cam Clay soil model, using the standard return mapping approach 
(elastic predictor-plastic corrector). The finite element formulation essentially involves 13 
simultaneous equations with 6 stress components 𝜎𝑖𝑗 and 7 state variables 𝛼𝑖𝑗 and 𝑝𝑐
′  as the basic 
xi 
 
unknowns to be solved. The integration algorithm developed for this model is thereafter 
implemented into the commercial program, ABAQUS, through the interface of the user defined 
material subroutine (UMAT). Numerical simulations have been conducted to solve the undrained 
and drained cylindrical cavity expansion problems as well as miniature piezocone penetration test 
for the purpose of validation, and to analyze pile setup phenomenon and tunnel excavation 
considering soil consolidation as the illustrative applications. 
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CHAPTER 1. INTRODUCTION 
1.1 Motivation 
        Cavity expansion/contraction, as the fundamental boundary value problems in civil 
engineering as well as in petroleum and mining engineering, have received extensive attentions 
over the past decades due to its wide applications (Vesic, 1972; Randolph et al., 1979; Carter et 
al., 1986; Sulem et al., 1987; Collins and Stimpson, 1994; Collins and Yu, 1996; Cao et al., 2001; 
Chen and Abousleiman, 2012, 2013; Li L. et al., 2016; Vrakas, 2016; Sivasithamparam and Castro, 
2017). It can be applied to interpret the pressuremeter/piezocone penetration test results and 
thereafter to determine the overconsolidation ratio and undrained shear strength of the soils that 
are essential in the geotechnical site investigations (Abu-Farsakh et al., 1998; Voyiadjis and Song, 
2000a; Cudmani and Osinov, 2001; Chang et al., 2001; Abu-Farsakh et al., 2003; Wei, 2004). It 
can also be extended to the stress and strain modellings around the driven piles and to the 
applications in tunneling/mining engineering for predicting the important ground reaction curve 
and the surrounding soil behavior (Muir Wood, 1975; Randolph et al., 1979; Poulos and Davis, 
1980; Abu-Farsakh and Voyiadjis, 1999; Li J.P. et al., 2016; Li L. et al., 2017). In petroleum 
engineering, the successful estimate of the critical mud pressure required to maintain the wellbore 
stability is also greatly dependent on the stress-deformation behavior based on the cavity 
contraction theory (Rawlings et al., 1993; Chen et al., 2012; Chen and Abousleiman, 2017; Liu 
and Chen, 2017b). Despite the versatile applications above, there is still a need to describe the 
soils/rocks using realistic models. 
        In the analysis of the cavity expansion/contraction problems, the soil behaviour is usually 
described using relatively simple constitutive models like those in the elastic/elastic-perfectly 
plastic families, or using the critical state plasticity models without taking into account the fabric 
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anisotropies of soil (including inherent and stress-induced anisotropies). The analytical and/or 
numerical solutions for cavity expansion/contraction in elastic medium have been obtained and 
widely used (Timoshenko and Goodier, 1970; Chen and Han, 1988; Yu, 2000; Cao et al., 2002). 
However, due to the inaccurate predictions of stresses and deformation, less attentions have been 
paid on the use of elastic models to analyze the geotechnical problems (Yu, 2000). The subsequent 
applications of the elastic-perfectly plastic models (like Mohr-Coulomb yield criterion) or of the 
pressure-dependent elastoplastic constitutive relationships (like the well-known Drucker-Prager 
plasticity model) yield fairly good predictions, as the plastic features of geomaterials can be 
considered to some extent (Vesic, 1972; Carter et al., 1986; Papanastasiou and Durban, 1997). In 
recognition of the non-linear plastic properties of soils, attempts have been made to analyze the 
cavity problem with the inclusions of strain hardening/softening through some relatively realistic 
models, like strain hardening Drucker-Prager, strain softening Drucker-Prager, the coupled plastic 
frictional and cohesion hardening Drucker-Prager models and etc (Chen and Abousleiman, 2017; 
Liu and Chen, 2017a; Liu et al., 2019a). The nonlinear plasticity models mentioned above are still 
not sufficient for the well description of soil/rock behaviour, thus bringing about the adoption in 
the cavity problem of the advanced critical state plasticity models afterwards (Chen and 
Abousleiman, 2012, 2013; Li, L. et al., 2016, 2017). However, it has to be pointed out that the 
soils and/or rocks in the literature are usually treated as isotropic geomaterials, although the 
property of anisotropy has been recognized for a long time (Tavernas and Leroueil, 1977; 
Ghaboussi and Momen, 1984; Banerjee and Yousif, 1986; Dafalias, 1987; Anandarajah and 
Kuganenthira, 1995; Voyiadjis and Song, 2000a, 2000b). 
        With the use of realistic and complex models, considerable difficulties will be introduced in 
the formulations of analytical solutions for cavity problem if the rigorous definitions of involved 
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variables are followed, which well explains why most of the existing studies made some 
approximations/simplifications in the course of their derivations. Three of the most typical ones 
are those assumed on the expressions of mean effective stress, deviatoric stress and accumulated 
plastic strain (Collins and Stimpson, 1994; Collins and Yu, 1996; Cao et al., 2001; Chang et al., 
2001). It is until recently that an exact analytical solution was obtained. Chen and Abousleiman 
(2012) are the first to solve the undrained cylindrical cavity expansion in modified Cam Clay soil 
by defining all the variables in a rigorous manner. The same authors in 2013 creatively found an 
exact analytical solution for another classical boundary value problem, drained cylindrical cavity 
expansion (Chen and Abousleiman, 2013). However, formulating the undrained/drained analytical 
solutions that takes into full account the inherent (K0 consolidation) and stress-induced 
anisotropies is still very challenging, which will be discussed later in chapters 4 and 5. 
        With the advances in computational techniques and computing facilities, numerical tool 
becomes an effective alternative, especially in dealing with the loading/geometric complex 
problems (Chen, 2012). However, considering the unavailability of the anisotropic modified Cam 
Clay model (Dafalias, 1987) in commercial software (Abaqus, 2013), it seems to be of necessity 
to develop an integration algorithm if potential applications are to be pursued. In fact, only a quite 
few studies, i.e., Voyiadjis and Song (2000a, 2000b), Wei (2004) and Wei et al. (2005), are found 
to have made such efforts. The problem is that the use of their finite element implementations lacks 
confidence because of the absence of the benchmark (analytical solution for a geotechnical 
problem involving the anisotropic modified Cam Clay model), upon which the developed 
numerical technique can be verified and its accuracy be tested. Hence, after obtaining the 
undrained and drained analytical solutions for cavity expansion problem, the third main goal of 
this research is to develop, implement and verify the finite element integration algorithm for the 
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anisotropic modified Cam Clay model (Liu et al., 2019b). 
1.2 Objective and Method 
        The research aims at developing a theoretical approach, both analytically and numerically, 
for the fundamental cavity problem taking full account of the elastoplastic anisotropic properties 
of geomaterials. A thorough investigation will be conducted to explore not only the responses of 
cavity under drained and undrained conditions, but also its transient poroelastoplastic behavior. 
        This thesis focuses on the following major aspects: 
(1) The development of an analytical solution for undrained cylindrical cavity expansion in 
anisotropic modified Cam Clay soil; 
(2) To extend the undrained to drained conditions where the conservation of volume will not 
hold any more, and therefore a relationship has to be established between the Eulerian and 
Lagrangian descriptions of radial equilibrium condition in order to find one more differential 
equation and make the defined problem solvable; 
(3) Formulating a finite element integration algorithm for the anisotropic modified Cam Clay 
model following the classical return mapping scheme, elastic predictor – plastic corrector; 
implementing the developed computational solution into ABAQUS through the material interface 
of UMAT; and checking its validity and accuracy by making comparisons with the analytical and 
experimental results; 
(4) To explore the transient poroelastoplastic responses of cavity by solving two practical 
problems, pile setup and tunnel excavation considering the consolidation of soils.  
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CHAPTER 2. LITERATURE REVIEW 
2.1 Applications of Cavity Expansion/Contraction Theory 
        In civil engineering, specifically its geotechnical sub-discipline, cavity theory has been 
widely used to predict the basic properties of geomaterials during the cone penetration/piezocone 
penetration/pressuremeter tests and to capture the deformation and stress behaviour of the soil in 
the driven pile/tunneling (see Fig. 2.1). Carter et al. (1986) presented closed-form solutions for 
both cylindrical and spherical cavity expansions in an ideal, cohesive frictional soils and thereafter, 
under the assumption of small deformation, found an explicit pressure-displacement expression, 
which was subsequently applied in the interpretation of pressuremeter test. Afterwards, a novel 
theoretical framework applicable to undrained cylindrical/spherical cavity expansions in various 
elastoplastic soils was proposed by Collins and Yu (1996). Following this framework and using 
an appropriate model, it is possible to formulate the corresponding analytical solution for the 
interpretation of pressuremeter test. Through calculating the deviatoric strain developed in the 
undrained cylindrical and spherical cavity expansions, Cao et al. (2001) recently presented 
complete analytical solutions for the stress distributions and pore pressure accumulations. Chang 
(2001) used the obtained analytical solutions (Cao et al., 2001) in the engineering practice to 
extract the undrained shear strength and overconsolidation ratio from the piezocone penetration 
results. At the same time, Cudmani and Osinov (2001) interpreted the cone penetration and 
pressuremeter testings, respectively, using the spherical and cylindrical cavity expansion solutions 
obtained with the adoption of the calibrated hypoplasticity constitutive criterion. More recently, 
Kolymbas et al. (2012) examined the cylindrical cavity expansion problem in an analytical manner 
based on the assumption of cross-anisotropic linear elastic material, and then applied the obtained 
approximate solution to back calculate the anisotropic parameters of rock mass surrounding the 
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tunnel Mais. Subsequently, through introducing an auxiliary variable that links the Lagrangian and 
Eulerian descriptions of the radial equilibrium condition, Chen and Abousleiman (2016a) solved 
the cylindrical cavity contraction (tunnel closure) problem in bounding surface plasticity soil. Mo 
and Yu (2018) presented analytical solutions for the cavity problem under drained condition using 
the unified state-parameter model for clay and sand (CASM), and then applied the obtained 
solutions to the modelling of cone penetration test. Meanwhile, the same authors (Mo and Yu, 
2017), again on the basis of CASM, applied the cavity contraction theory in the design of tunnel 
and the prediction of ground settlement. More recently, Liu and Chen (2019) presented an 
analytical solution to the fundamental problem of cylindrical cavity expansion (pile driven) using 
the anisotropic critical state plasticity model, under the assumption of plane strain and 
axisymmetry. 
        In mining/petroleum engineering, cavity theory also received extensive attentions, as it can 
be used to analyze the mining excavation problem and to predict the critical mud pressure (see Fig. 
2.1) required to maintain the wellbore stability. Charlez and Roatesi (1999) presented a fully 
analytical solution for the undrained wellbore stability problem using a simple linearized version 
of Cam Clay model which has two linear straight lines forming the yield surface in p’-q plane. 
Chen and Abousleiman (2017) examined the drained wellbore stability problem in the well-known 
strain hardening and strain softening rock formations, and found that this problem can be 
eventually reduced to solving a system of ordinary differential equations with the assumption of 
cylindrical cavity contraction. Liu and Chen (2017b) investigated the same problem in the 
anisotropic modified Cam Clay soils and a more complex anisotropically elastoplastic solution has 
been proposed which takes into account the inherent and stress-induced anisotropies of soils in 
wellbore stability analysis. 
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                             (a) Pile installation                                (b) Pressuremeter test 
 
                
 
                             (c) Tunnel excavation                           (d) Wellbore drilling 
 
Fig. 2.1 Cavity theory applications: (a) pile installation; (b) pressuremeter test; (c) mining 
excavation; (d) wellbore drilling 
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2.2 Constitutive Models 
        With the wide applications to civil and mining/petroleum engineering, cavity theory has been 
developed greatly over the past decades, which is true particularly from the standpoint that more 
realistic and more complex constitutive models have been adopted in the analysis. In the existing 
literature, the behaviour of soils/rocks have evolved from the simple linear elastic, to Mohr-
Coulomb criterion, then to Drucker-Prager constitutive relationship (or the modified ones, like 
strain-hardening/softening/extended Drucker-Prager), and finally to the advanced modified Cam 
Clay model. Nowadays, the trend of cavity theory is to include some important mechanical 
properties, e.g., the anisotropy of soil, into the analytical and numerical analyses (Masad et al., 
1998). 
        With the development of cavity theory, elastic, anisotropic elastic, poroelastic, viscoelastic 
and poroelastic-viscoplastic constitutive models have been used in the cavity problem analysis. 
Timoshenko and Goodier (1970) presented the well-known linear elastic solution for the 
cylindrical/spherical cavity expansions in an infinite soil mass. This obtained solution is of 
importance in the development history of cavity theory even though it was proposed long time 
ago, because the initial values vital to solving the cavity problem need to be determined with the 
aid of the aforementioned elastic solution. Yu (2000) extended the work by Timoshenko and 
Goodier (1970) and derived an analytical solution, considering the mechanical anisotropy of 
soils/rocks, for the spherical and cylindrical cavity expansion problems. Meanwhile, Cao et al. 
(2002) solved the problems of undrained spherical/cylindrical cavity expansions assuming that the 
nonlinear elastic behaviour of the soils is subject to a power-law function and a hyperbolic model. 
Recently, Kolymbas (2012) presented an analytical solution for the cylindrical cavity expansion 
problem where the mechanical cross-anisotropy of rocks is assumed. Subsequently, Chen and 
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Abousleiman (2016b) derived an analytical solution for the problem of wellbore stability in 
transverse isotropic poroelastic geomaterials. As regards to the time-dependent viscoelastic model, 
it has to mention the classical work by Yu (2000) again who, following Jaeger and Cook (1976), 
formulated a set of analytical solutions for spherical and cylindrical cavity expansions with the 
soil/rock assuming to conform to Maxwell, Kelvin and Burgers models, respectively. Later, efforts 
have been made to take into account the poroelastic and viscoplastic behaviour of soils, in the 
numerical simulation of a gallery using the developed hydromechanical model (Plassart et al., 
2013). 
        Due to the fact that soils behave in an elastoplastic instead of pure (anisotropic/visco) elastic 
manners, simple elastic-perfectly plastic models begin to be used in the cavity expansion and 
contraction problems. Vesic (1972) adopted the Mohr-Coulomb failure criterion in the derivations 
of approximate solutions for cavity expansion problems, and applied the obtained solutions to 
determine the bearing capacity factors for deep foundations. Afterwards, Carter et al. (1986) 
employed the same model but under the assumption of non-associated flow rule, in an attempt to 
derive an analytical solution for the cavity expansion and to formulate an explicit pressure-
expansion expression. 
        Motivated by the inaccurate predictions of stresses and displacement by the pressure-
independent feature of Mohr-Coulomb model, efforts have been made with the use of pressure-
dependent yielding criteria, such as straining hardening/softening Drucker Prager, the extended 
(plastic frictional and cohesion hardening) Drucker-Prager and Matsuoka-Nakai models. Chen and 
Abousleiman (2017) analyzed the problem of cavity expansion in the Drucker-Prager rock 
formations with the use of two hardening rules, which, respectively, account for the strength 
enhancement effect by the rearrangement of rock particles and for the strength reduction as a result 
10 
 
of the initiation and propagation of cracks in the rocks. At the same time, due to the unavailability 
of strain-hardening Drucker Prager model in commercial software and self-programmed code, Liu 
and Chen (2017a) presented an integration algorithm for this failure criterion and the numerical 
simulation was performed afterwards on the tunnel excavation problem. To capture well the three-
dimensional strength of soils, Chen and Abousleiman (2018) used a more realistic model proposed 
by Matsuoka and Nakai (1974) when examining the drained cylindrical cavity expansion problem. 
An extended Drucker-Prager model, capable of simultaneously taking into account the plastic 
frictional and cohesion hardenings of rocks, was proposed by Liu et al. (2019a), who developed 
an analytical solution for tunnel excavation as well as a finite element computational solution. 
        To describe the plastic behaviour more realistically, critical state plasticity models have been 
adopted in the cavity expansion/contraction analyses. Collins and Yu (1996) applied the original 
Cam Clay model to the undrained spherical and cylindrical cavity expansion problems and then 
obtained an analytical solution through calculating the deviatoric plastic strain developed in the 
process of cavity expansion. With the use of the modified Cam Clay model, the same problem has 
been solved again by Cao et al. (2001) in which analytical solutions have been derived for the 
stress distribution, pore pressure buildup and the effective stress path. A companion work has been 
done by Chang et al. (2001) which carried out the interpretation of cone penetration testing using 
the obtained solutions above (Cao et al., 2001). A novel contribution has to be mentioned here by 
Chen and Abousleiman (2012) who made no approximations/simplifications when solving the 
undrained cylindrical cavity expansion in the modified Cam Clay soils. Later, the same authors 
(Chen and Abousleiman, 2013) presented a creative analytical solution for the drained cylindrical 
cavity expansion problem using the modified Cam Clay model. In recent years, the trend for the 
cavity theory development is on the inclusion of mechanical anisotropy into the cavity analysis. 
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Li L. et al. (2016) appears to be the first to take the K0-consolidation anisotropy into account when 
analyzing the cylindrical cavity expansion problem under undrained condition using the modified 
Cam Clay model. However, it has to be pointed out that the property of stress-induced anisotropy 
is not incorporated in the analytical solution obtained by Li L. et al. (2016), due to its fixed yield 
surface in the principal stress space throughout the whole expansion process. This drawback has 
been overcome recently (Chen and Liu, 2019; Liu and Chen, 2019; Liu and Chen, 2018) with the 
use of the advanced anisotropic modified Cam Clay model proposed by Dafalias (1987), which 
reasonably well captures the inherent and stress-induced anisotropies. Also note that a rigorous 
analytical solution for undrained cylindrical cavity expansion taking account of the anisotropy of 
soils has also been obtained independently by Sivasithamparam and Castro (2018) in which a 
different model, S-Clay1, got involved. 
2.3 Drawbacks in Existing Research 
        Extensive research has been performed on the cavity expansion/contraction problems as 
stated above, but these works usually fall short in the drawbacks of the 
simplifications/approximations made in the course of the derivation of the analytical solution. The 
most common one is to adopt simplified mean effective stress 𝑝′ (Collins and Stimpson, 1994; 
Collines and Yu, 1996; Cao et al., 2001; Chang et al., 2001) 
        𝑝′ =
𝜎𝑟
′+𝜎𝜃
′
2
 (2.1) 
and deviatoric stress 𝑞. For example. Collins and Stimpson (1994) and Collines and Yu (1996) 
used 
        𝑞 = 𝜎𝑟
′ − 𝜎𝜃
′  (2.2a) 
or Cao et al. (2001) and Chang et al. (2001) adopted 
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        𝑞 =
√3
2
(𝜎𝑟
′ − 𝜎𝜃
′ ) (2.2b) 
rather than the rigorous definitions (Muir Wood, 1990) 
        𝑝′ =
𝜎𝑟
′+𝜎𝜃
′ +𝜎𝑧
′
3
 (2.3) 
        𝑞 = √
1
2
[(𝜎𝑟′ − 𝜎𝜃
′ )2 + (𝜎𝜃
′ − 𝜎𝑧′)2 + (𝜎𝑧′ − 𝜎𝑟′)2] (2.4) 
        It has been proved that Eq. (2.1) is valid only for the isotropic modified Cam Clay soils in the 
critical state failure region (Chen and Abousleiman, 2012, 2013). The expressions of deviatoric 
stress 𝑞 in Eqs. (2.2a)-(2.2b), as stated above, are assumed only for the purpose of simplification 
and approximation. Hence, using the above approximate expressions are highly questionable 
especially when the mechanical anisotropy of soils gets involved. 
        In addition, for the analytical solution developed on the basis of the deviatoric strain 
accumulated in the plastic deformation, an approximate definition of the deviatoric strain has been 
widely used as (Collins and Yu, 1996) 
        𝜀𝑝
𝑞 = 𝜀𝑟 − 𝜀𝜃 (2.5) 
or (Cao et al., 2001; Chang et al., 2001) 
        𝜀𝑝
𝑞 =
√2
3
[(𝜀𝑟 − 𝜀𝜃)
2 + (𝜀𝜃 − 𝜀𝑧)
2 + (𝜀𝑧 − 𝜀𝑟)
2]1/2 (2.6) 
Compared with its rigorous form 
        𝑑𝜀𝑝
𝑞 =
2
3
[(𝜀𝑟 − 𝜀𝜃)
2 + (𝜀𝜃 − 𝜀𝑧)
2 + (𝜀𝑧 − 𝜀𝑟)
2] (2.7) 
it is not difficult to know that under large deformation, a significant difference would occur in the 
estimation of deviatoric strain using Eq. (2.5)/(2.6) and (2.7). 
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2.4 Numerical Simulation 
        Numerical tool has the advantage over the analytical solutions in solving the complicated 
practical problems, e.g., asymmetric geometry and loading conditions, and therefore has attracted 
more and more attentions. Over the past few decades, intensive efforts have been made to seek 
numerical solutions to the cavity problem using various constitutive models of soils/rocks. Veeken 
et al. (1989) numerically investigated the stability of a cavity using a substantial extension form 
of the Drucker-Prager model where the effects of frictional hardening/softening and of cohesive 
softening were well considered. Based on the elastic-perfectly plastic Mohr–Coulomb failure 
criterion, Zhang et al. (2003) numerically studied the coupling effects of solid deformation and 
fluid flow on the stability of a wellbore in a fractured rock reservoir. More recently, Gerard et al. 
(2008) conducted numerical simulation on an underground excavation taking into account the 
effects of seepage and evaporation during the phases of excavation and ventilation. Muller et al. 
(2009), using the Mohr–Coulomb failure criterion, conducted numerical simulations to analyze 
cavity stability problem with the spatial variations in the mechanical and hydraulic properties of 
rock as well as the variability of initial stress conditions and initial pore pressure being properly 
considered. Simultaneously, a hydro-mechanical model able to capture the evolution of 
permeability was developed by Levasseur et al. (2010), who, based on this model, obtained a 
corresponding finite element formulation and numerically investigated the hydro-mechanical 
coupling effects on the performance of an underground excavation at Mont Terri Rock Laboratory. 
Later, based on the developed hydromechanical model, Plassart et al. (2013) took into account the 
elastoplastic behavior and creep deformation of soils as well as the poroelastic property in the 
numerical analysis of a gallery in an underground research laboratory. More recently, Liu and 
Chen (2017a) developed an explicit integration algorithm for the strain-hardening Drucker-Prager 
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model which was subsequently implemented into the numerical simulation of tunnel excavation 
problem. It has to be pointed out that although ABAQUS (2013) allows users to define the strain-
hardening behavior of soils, the hardening functionality nevertheless is featured with respect only 
to the cohesion yet not the internal friction angle. 
        Even though various mechanical constitutive models have became available in either 
commercial software (like ABAQUS) or self-programmed code, rare studies have been conducted 
yet to develop an integration algorithm which considers both the initial and stress-induced 
anisotropies of soils within the framework of critical state concept. Borja and Lee (1990) 
implemented two integration methods for the modified Cam-Clay plasticity model with the use of 
return mapping scheme in which the return directions were computed by the closest point 
projection for associative flow rule and by the central return mapping for non-associative flow 
rule. Considering the special ingredients of the bounding surface plasticity model, Manzari and 
Nour (1997) made modifications on the conventional integration techniques and presented a 
system of simultaneous equations used for the computational implementation of this model. 
Voyiadjis and Kim (2003) considered the viscoplastic behaviour of soil and mixture theory using 
the elasto-viscoplastic bounding surface model, which was later implemented into a finite element 
program EPVPCS-S and used for the analysis of piezocone penetration test. Adopting the Cam 
Clay models revised by the spatially mobilized plane (SMP) criterion, Matsuoka and Sun (2006) 
obtained the computational scheme that allowed for the update of stresses/strains as well as state 
variables for given incremental strains. Even though ABAQUS (2003) provides the family of the 
various Cam Clay models, the anisotropic property cannot be specified yet. In fact, a 
comprehensive literature study indicates that only two works (Voyiadjis and Song, 2000a; Wei, 
2004) exist incorporating the anisotropy into the finite element development of numerical 
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approach. Voyiadjis and Song (2000a) obtained a numerical integration solution by establishing 
the elastoplastic constitutive relationship between incremental stresses/state variables and total 
strain increments, but their developed numerical algorithm could not accommodate the large 
deformation as a consequence of adopting initial void ratio 𝑒0, instead of current void ratio 𝑒, in 
the definitions of hardening parameters 𝑝𝑐
′  and 𝛼𝑖𝑗. This issue is also observed in Wei (2004) who 
developed an integration algorithm using the same model and thereafter implemented it into 
ABAQUS through the user subroutine UMAT. Moreover, the integration approach Wei (2004) 
formulated falls short in the adoption of 2D hardening parameter, instead of its counterpart in 3D 
stress space, to determine the onset of yielding, thus resulting in the incorrect numerical integration 
solution. Lastly, the use of the developed integration algorithm in the interpretation of the 
piezocone penetration test (Voyiadjis and Song, 2000a, 2000b; Wei, 2004; Wei et al., 2005) was 
made for validating against experimental data only. However, there is a lack of validation against 
analytical models (benchmark), which indeed were not available until very recently by Chen and 
Liu (2019) and Liu and Chen (2019). 
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CHAPTER 3. CONSTITUTIVE MODEL AND PROBLEM DEFINITION 
3.1 Introduction 
        In this chapter, the anisotropic modified Cam Clay model to be adopted in cavity expansion 
is first introduced which allows to consider the inherent fabric and stress-induced anisotropies of 
soils and therefore makes the defined problem more realistic. To obtain the analytical solutions, 
the cavity expansions under undrained and drained conditions, respectively, are idealized as a one-
dimensional problem by the adoptions of plane strain and geometric axisymmetry assumptions. It 
is found that the self-similarity still holds for any soil element in the whole process of anisotropic 
cavity expansion. The chapter ends with the radial equilibrium equation to be enforced throughout 
the undrained and drained cavity expansion. 
3.2 Anisotropic Modified Cam Clay Model 
        Dafalias’ anisotropic modified Cam Clay model (Dafalias, 1987), based strictly on the critical 
state concept, is well known for its relative simplicity, yet still capable of capturing the essential 
features of the anisotropic soil behavior (Ling et al., 2002). In the multi-axial stress space, the 
model assumes the following yielding function 𝐹 and volumetric plastic strain hardening rules ?̇?𝑐
′  
and ?̇?𝑖𝑗 (Dafalias, 1987) 
        𝐹(𝜎𝑖𝑗
′ , 𝑝𝑐
′ , 𝛼𝑖𝑗) = 𝐹(𝑝
′, 𝑠𝑖𝑗
′ , 𝑝𝑐
′ , 𝛼𝑖𝑗)  
    = 𝑝′2 − 𝑝′𝑝𝑐
′ +
3
2𝑀2
[(𝑠𝑖𝑗
′ − 𝑝′𝛼𝑖𝑗)(𝑠𝑖𝑗
′ − 𝑝′𝛼𝑖𝑗) + (𝑝𝑐
′ − 𝑝′)𝑝′𝛼𝑖𝑗𝛼𝑖𝑗] = 0 (3.1) 
        ?̇?𝑐
′ =
𝑣𝑝𝑐
′
𝜆−𝜅
?̇?𝑣
𝑝
 (3.2) 
        ?̇?𝑖𝑗 = 𝛬 ∙ tr(
𝜕𝐹
𝜕𝜎𝑚𝑛
′ )sign(
𝜕𝐹
𝜕𝑝′
)
𝑣
𝜆−𝜅
𝑐
𝑝𝑐
′ (𝑠𝑖𝑗
′ − 𝑥𝑝′𝛼𝑖𝑗) (3.3) 
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where 𝜎𝑖𝑗
′  represents the effective stress components; 𝑠𝑖𝑗
′ = 𝜎𝑖𝑗
′ −
1
3
𝜎𝑘𝑘
′ 𝛿𝑖𝑗 is the stress deviator and 
𝛿𝑖𝑗 the Kronecker delta; 𝑝
′ =
1
3
𝜎𝑘𝑘
′  is the mean effective stress; tr and sign denote the trace and 
signum function, respectively; 𝜆 is a material parameter known as the slope of normal compression 
line in 𝑣 − ln𝑝′ plane; 𝜅 defines the slope of loading-reloading line in 𝑣 − ln𝑝′ plane; 𝑀 is the 
slope of the critical state line in 𝑝′ − 𝑞  plane (𝑞 = √
3
2
𝑠𝑖𝑗
′ 𝑠𝑖𝑗
′ ), which can be proved unique 
independent of the Lode angle 𝜃; 𝑣 is the specific volume; 𝜀𝑣
𝑝
 is the plastic volumetric strain; 𝑝𝑐
′  
and 𝛼𝑖𝑗 are the introduced hardening parameter and deviatoric tensor, which essentially control, 
respectively, the size and anisotropy orientation of the distorted ellipsoidal yield surface; 𝑥 and 𝑐 
are two additional model constants pertinent to the level and pace of the anisotropy development; 
and 𝛬 is the plastic multiplier (or called loading index) which can be determined mathematically 
from the consistency condition 
        
𝜕𝐹
𝜕𝜎𝑖𝑗
′ 𝑑𝜎𝑖𝑗
′ +
𝜕𝐹
𝜕𝑝𝑐
′ 𝑑𝑝𝑐
′ +
𝜕𝐹
𝜕𝛼𝑖𝑗
𝑑𝛼𝑖𝑗 = 0 (3.4) 
in the following form 
        𝛬 = −
𝜕𝐹
𝜕𝑝′ 
 
𝛿𝑖𝑗
3
+
3
𝑀2
 (𝑠𝑖𝑗
′ −𝑝′𝛼𝑖𝑗)
(−𝑝′+
3𝑝′𝛼𝑖𝑗𝛼𝑖𝑗
2𝑀2
)
𝑣
𝜆−𝜅
 𝑝𝑐
′  
𝜕𝐹
𝜕𝑝′
+
3𝑝′
𝑀2
 
1+𝑒
𝜆−𝜅
 
𝑐
𝑝𝑐
′(−𝑠𝑖𝑗
′ +𝑝𝑐
′𝛼𝑖𝑗)(𝑠𝑖𝑗
′ −𝑥𝑝′𝛼𝑖𝑗)|
𝜕𝐹
𝜕𝑝′
|
𝑑𝜎𝑖𝑗
′  (3.5) 
where 
        
𝜕𝐹
𝜕𝑝′
= 2𝑝′ − 𝑝𝑐
′ +
3
2𝑀2
(−2𝑠𝑖𝑗𝛼𝑖𝑗 + 𝑝𝑐
′𝛼𝑖𝑗𝛼𝑖𝑗)   (3.6) 
        Note that in the above equations, the compressive stresses/strains are taken to be positive, and 
the summation convention over repeated indices has been applied. 
        It is worth mentioning that Dafalias’ anisotropic modified Cam Clay model was derived under 
the plastic work dissipation assumption, which essentially requires that the plastic multiplier 𝛬 
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cannot be negative. However, the denominator of the pre-multiplicative factor on the right side of 
Eq. (3.5) may take the value in a rather general manner. It could be either positive or negative, 
depending on the stress state of the soil and its relative location pertinent to the current yield 
surface. This indicates that during the plastic loading/deformation, the stress increment 𝑑𝜎𝑖𝑗
′  may 
not necessarily always point outward from the current yield surface but sometimes (dependent on 
the stress and hardening parameters) needs to be directed inward in order to satisfy the requirement 
𝛬 > 0. These two scenarios correspond, respectively, to the well-known strain hardening and 
softening behaviour of the soil. Note that for the present anisotropic critical state model, inward 
direction of 𝑑𝜎𝑖𝑗
′  and thus strain softening may even occur on the right (wet) side of the critical 
state line, which differs from the isotropic modified Cam Clay model. 
        Fig. 3.1a illustrates a general shape of the yield surface (ellipsoid) for the anisotropic modified 
Cam Clay model in three-dimensional stress space with fixed principal stress directions. In the 
simplified stress space of the triaxial test, the tensor-valued quantity 𝛼𝑖𝑗 degenerates into a scalar 
𝛼 and the resulting yield curve will become a rotated ellipse in the 𝑝′ − 𝑞 plane, as shown in Fig. 
3.1b. Also note that when 𝛼𝑖𝑗 = 0, Eq. (3.1) then reduces to the same form as the one used in the 
isotropic modified Cam Clay model (Muir Wood, 1990), with the ellipsoidal yield surface (or 
elliptical locus) centered on the hydrostatic line. It should be recognized that the modified Cam 
Clay model is essentially a two-invariant (𝑝′  and 𝑞 ) constitutive model whose yield surface 
projects as circles on the octahedral plane, which might not necessarily accord closely with the 
experimental evidence for soils. In this case the more appropriate three-invariant plasticity models 
having the shapes of Matsuoka-Nakai or Lade-Duncan yield surfaces may be used instead to better 
represent the soil behaviour (Potts and Zdravkovic, 1999). 
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Fig. 3.1 Yield surface in (a) principal stress space (fixed directions); (b) triaxial p’-q plane for 
anisotropic model 
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3.3 Undrained Cylindrical Cavity Expansion Problem 
        Fig. 3.2 shows schematically the problem of cylindrical cavity expansion in an infinite, 
saturated soil medium, which is considered to obey the anisotropic modified Cam Clay 
elastoplastic model (Dafalias, 1987). The in-situ stress state is denoted by 𝜎ℎ in the horizontal 
plane and 𝜎𝑣 in the vertical direction, with the initial pore pressure being equal to 𝑢0. The soil is 
subjected to a gradually increasing cavity pressure 𝜎𝑎, which expands the cavity from its initial 
radius 𝑎0 to the current radius 𝑎, and simultaneously displaces a typical particle initially at radial  
 
 
 
Fig. 3.2 Schematic of cavity expansion under undrained condition in anisotropic modified Cam 
Clay soil 
 
 
 
 
                
 
 
 
 
 
 
 
 
 
 
 
Fig. 1.  Geometry of cavity expansion boundary value problem 
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distance 𝑟𝑥0 outward to a new position represented by 𝑟𝑥. For demonstration and without loss of 
generality, it is assumed that at this moment three different zones, i.e., external elastic zone, 
intermediate plastic zone, and internal critical state failure zone, have been formed outside the 
cavity, see Fig. 3.2. 
        For the simplicity of mathematical formulations, the present work assumes an isotropic elastic 
behaviour of the soil (Dafalias 1987; Wheeler et al., 2003). The current research makes another 
assumption that both the soil grain and pore fluid are incompressible. This indicates that, under 
the undrained condition, no change of the volume of the soil will be allowed during the cavity 
expansion. Such a constraint yields the following simple equation relating the current position of 
any given material point, 𝑟𝑥, to the newly expanded cavity radius of 𝑎 
        𝑟𝑥
2 − 𝑟𝑥0
2 = 𝑎2 − 𝑎0
2 (3.7) 
3.4 Drained Cylindrical Cavity Expansion Problem 
        All the variables used in the drained cylindrical cavity expansion are the same as the 
undrained problem (Fig. 3.2) and expressed under Lagrangian description as well. Also, the 
drained cylindrical cavity expansion problem still is one-dimensional, as a consequence of the 
assumptions of geometric axisymmetry and plane strain. Lastly, the soil grain is assumed to be 
incompressible, which is again the same as undrained condition. 
        Note that one major difference between the undrained and drained cylindrical cavity 
expansion problems arises from the meanings of the symbols used (e.g., Fig. 3.2). In the drained 
case the stress variables represent the effective terms (Chen and Abousleiman, 2013), whereas in 
the undrained case the total terms are used as seen in Fig. 3.2 (Chen and Abousleiman, 2012). 
Another major difference between undrained and drained conditions is that the conservation of 
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volume for undrained condition as denoted by Eq. (3.7) will not hold any more during the process 
of drained expansion. This is because of the squeezing of pore space. 
3.5 K0-Consolidation Soil 
        For 𝐾0  consolidated soils (may include some overconsolidation due to subsequent one-
dimensional unloading) the natural anisotropy may be reasonably assumed to be transversely 
isotropic. The initial anisotropic tensor 𝛼𝑖𝑗,0 (after 𝐾0 normal consolidation) therefore has only 
three non-zero components 𝛼𝑟,0, 𝛼𝜃,0, and 𝛼𝑧,0 in the radial, tangential, and vertical directions, 
respectively. According to Ling et al. (2002), these anisotropic variables can be given as follows: 
        𝛼𝑟,0 = −𝐴0
1−𝐾0,𝑛𝑐
1+2𝐾0,𝑛𝑐
 (3.8) 
        𝛼𝜃,0 = −𝐴0
1−𝐾0,𝑛𝑐
1+2𝐾0,𝑛𝑐
 (3.9) 
        𝛼𝑧,0 = 2𝐴0
1−𝐾0,𝑛𝑐
1+2𝐾0,𝑛𝑐
 (3.10) 
where 𝐾0,𝑛𝑐 denotes the coefficient of earth pressure at rest under monotonic one-dimensional 
normal compression; and 𝐴0 is a constant, usually in the range of 0.65 to 1.0. 
        Fig. 3.3 shows the typical 𝜎ℎ
′ − 𝜎𝑣
′  effective stress paths followed during the one-dimensional 
loading (𝑂𝐶) and unloading (𝐶𝐴) process, where point 𝐶 corresponds to the highest stress level 
the soil has historically experienced while point 𝐴 to the in situ effective stress state 𝜎ℎ
′ = 𝜎ℎ − 𝑢0 
and 𝜎𝑣
′ = 𝜎𝑣 − 𝑢0 before the start of the cavity expansion. The initial earth pressure coefficient 
(overconsolidated) is therefore defined as 𝐾0,𝑜𝑐 =
𝜎ℎ
′
𝜎𝑣
′, which should not be confused with the above 
anisotropically consolidated coefficient of 𝐾0,𝑛𝑐. Note that for the cylindrical cavity expansion, all 
the three shear stresses 𝜎𝑟𝜃
′ , 𝜎𝑟𝑧
′  and 𝜎𝜃𝑧
′  must vanish due to the axial symmetry of the problem. 
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Fig. 3.3 Stress path followed on one-dimensional loading and unloading in σ’h - σ’v plane 
 
So, 𝑠𝑟𝜃
′ = 𝑠𝑟𝑧
′ = 𝑠𝜃𝑧
′ = 0 as well and inspection of Eq. (3.3) in combination with Eqs. (3.8)-(3.10) 
reveals that 
        𝛼𝑟𝜃 = 𝛼𝑟𝑧 = 𝛼𝜃𝑧 = 0 (3.11) 
i.e., the three off-diagonal components of tensor 𝛼𝑖𝑗 accounting for the evolving plastic anisotropy 
of soil remain equal to zero during the whole process of cavity expansion. 
3.6 Governing Radial Equilibrium Condition 
        At each point in the deformed configuration, the stress equilibrium condition can be expressed 
as 
        
𝑑𝜎𝑟
𝑑𝑟
+
𝜎𝑟−𝜎𝜃
𝑟
= 0 (3.12) 
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in which 𝑟 is the current radial position of a soil particle and 
𝑑𝜎𝑟
𝑑𝑟
 denotes the spatial derivative of 
𝜎𝑟 along the radial direction. Note that Eq. (3.12) holds for the elastic, plastic and critical state 
regions (Fig. 3.2). 
3.7 Summary 
        This chapter firstly introduces the anisotropic modified Cam Clay model to be adopted for 
the description of the soil behaviour. The favourable feature of this model enables to take into 
account the inherent and stress-induced anisotropies of soils and hence to describe the behaviour 
of soils in a realistic manner. The one-dimensional idealizations of the undrained and drained 
cylindrical cavity expansion problems are made subsequently with the assumptions of geometric 
axisymmetry and plane strain conditions, upon which the analytical solutions will be developed. 
Soil element is found to be of self-similarity during the expansion. The radial equilibrium equation 
to be enforced throughout the whole expansion process (elastic, plastic and critical failure regions 
in Fig. 3.2) is elaborated at the end of this chapter.  
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CHAPTER 4. UNDRAINED ANALYTICAL SOLUTION FOR 
CYLINDRICAL CAVITY EXPANSION IN ANISOTROPIC MODIFIED 
CAM CLAY SOIL 
4.1 Introduction 
        This chapter presents a semi-analytical solution for cylindrical cavity expansion under 
undrained condition by taking realistic account of the anisotropically elastoplastic properties of 
soil. The soil formation is modelled as the anisotropic modified Cam Clay material. By adopting 
the small strain deformation in the elastic region while large deformation in the plastic region, the 
undrained cylindrical cavity expansion problem is formulated to solve a system of first order 
ordinary differential equations in the plastic zone, with the radial, tangential, and vertical stresses 
in association with the three anisotropic variables controlling the yield surface evolution being the 
basic unknowns. The pore water pressure can be subsequently deduced from the radial equilibrium 
equation. Extensive parametric studies have been made of the effects of 𝐾0  consolidation 
anisotropy (including also the subsequent stress-induced anisotropy) and past consolidation history 
( 𝑂𝐶𝑅 ) on the calculated distributions of stress components and excess pore pressure, the 
progressive development of the stress-induced anisotropy, and on the effective stress trajectory for 
a soil particle at the cavity surface due to the cavity expansion. 
4.2 Undrained Solution in Elastic Region 
        In the elastic zone, the displacement is assumed to be infinitesimal and the isotropic elastic 
stress-strain relationship can be expressed in an incremental form as 
                                                 
 This chapter was previously published as: Chen, S.L., and Liu, K. 2019. Undrained cylindrical 
cavity expansion in anisotropic critical state soils. Geotechnique 69(3): 189-202. © ICE 
Publishing 2016 and is reproduced here by permission of my co-authors. 
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        {
𝑑𝜀𝑟
𝑒
𝑑𝜀𝜃
𝑒
𝑑𝜀𝑧
𝑒
} =
1
3𝐾(1−2𝜇)
[
1 −𝜇 −𝜇
−𝜇 1 −𝜇
−𝜇 −𝜇 1
]{
𝑑𝜎𝑟
′
𝑑𝜎𝜃
′
𝑑𝜎𝑧
′
} (4.1) 
where 𝑑𝜀𝑟
𝑒, 𝑑𝜀𝜃
𝑒, and 𝑑𝜀𝑧
𝑒 are, respectively, the radial, tangential, and vertical strain increments; 
𝑑𝜎𝑟
′, 𝑑𝜎𝜃
′ , and 𝑑𝜎𝑧
′ are the corresponding stress increments; 𝜇 denotes the drained Poisson's ratio 
and is assumed to be constant in the present work; and the bulk modulus 𝐾 is stress dependent, 
given by (Schofield and Wroth, 1968) 
        𝐾 =
𝑣𝑝′
𝜅
 (4.2) 
The links between shear modulus 𝐺, drained Young’s modulus 𝐸, bulk modulus 𝐾, and Poisson’s 
ratio 𝜇 are as follows 
        𝐺 =
3(1−2𝜇)𝐾
2(1+𝜇)
,        𝐸 = 2𝐺(1 + 𝜇) (4.3) 
        For isotropic elastic relations under undrained condition, the mean effective stress 𝑝′, pore 
water pressure 𝑢, as well as the bulk modulus 𝐾, shear modulus 𝐺, and Young’s modulus 𝐸 all 
will remain constant during the elastic deformation phase, as a direct consequence of no changing 
of specific volume 𝑣 and of the assumption that 𝜇 is constant (Chen and Abousleiman, 2012). Such 
a statement actually can be verified still holding true even for the drained situation, as noted in 
Chen and Abousleiman (2013). According to Chen and Abousleiman (2012), the undrained 
solutions for the three effective stresses, pore pressure, and radial displacement 𝑤𝑟, in the elastic 
region 𝑟 ≥ 𝑟𝑝, can be readily obtained as 
        𝜎𝑟
′ = 𝜎ℎ
′ + (𝜎𝑝
′ − 𝜎ℎ
′ ) (
𝑟𝑝
𝑟
)
2
 (4.4) 
        𝜎𝜃
′ = 𝜎ℎ
′ − (𝜎𝑝
′ − 𝜎ℎ
′ ) (
𝑟𝑝
𝑟
)
2
 (4.5) 
        𝜎𝑧
′ = 𝜎𝑣
′  (4.6) 
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        𝑤𝑟 =
𝜎𝑝
′ −𝜎ℎ
′
2𝐺0
𝑟𝑝
2
𝑟
 (4.7) 
        𝑢 = 𝑢0 (4.8) 
where 𝜎𝑝
′  denotes the effective radial stress at the elastic-plastic boundary 𝑟 = 𝑟𝑝; and the subscript 
0 on 𝐺 is to distinguish that the shear modulus in the elastic region is constant and equal to its 
initial value 𝐺0 (corresponding to the in situ stress state), as opposed to the essentially varying 𝐺 
(proportional to 𝑝′) related to the later elastoplastic deformation phase. 
4.3 Undrained Solution in Anisotropic Plastic Region 
4.3.1 Elastoplastic Constitutive Relationship 
        The incremental total strains 𝑑𝜀𝑟, 𝑑𝜀𝜃, and 𝑑𝜀𝑧 in the plastic zone can be split into elastic and 
plastic parts, to give 
        𝑑𝜀𝑟 = 𝑑𝜀𝑟
𝑒 + 𝑑𝜀𝑟
𝑝
,        𝑑𝜀𝜃 = 𝑑𝜀𝜃
𝑒 + 𝑑𝜀𝜃
𝑝
,        𝑑𝜀𝑧 = 𝑑𝜀𝑧
𝑒 + 𝑑𝜀𝑧
𝑝
 (4.9) 
where the elastic components 𝑑𝜀𝑟
𝑒, 𝑑𝜀𝜃
𝑒, and 𝑑𝜀𝑧
𝑒 are related to the stress increments through Eq. 
(4.1), while the plastic components, 𝑑𝜀𝑟
𝑝
, 𝑑𝜀𝜃
𝑝
, and 𝑑𝜀𝑧
𝑝
, can be expressed as 
        𝑑𝜀𝑟
𝑝 = 𝛬
𝜕𝑃
𝜕𝜎𝑟
′ ≡ 𝛬
𝜕𝐹
𝜕𝜎𝑟
′ = 𝑦(𝑚𝑟𝑑𝜎𝑟
′ + 𝑚𝜃𝑑𝜎𝜃
′ + 𝑚𝑧𝑑𝜎𝑧
′)𝑚𝑟 (4.10a) 
        𝑑𝜀𝜃
𝑝 = 𝛬
𝜕𝑃
𝜕𝜎𝜃
′ ≡ 𝛬
𝜕𝐹
𝜕𝜎𝜃
′ = 𝑦(𝑚𝑟𝑑𝜎𝑟
′ + 𝑚𝜃𝑑𝜎𝜃
′ + 𝑚𝑧𝑑𝜎𝑧
′)𝑚𝜃 (4.10b) 
        𝑑𝜀𝑧
𝑝 = 𝛬
𝜕𝑃
𝜕𝜎𝑧
′ ≡ 𝛬
𝜕𝐹
𝜕𝜎𝑧
′ = 𝑦(𝑚𝑟𝑑𝜎𝑟
′ + 𝑚𝜃𝑑𝜎𝜃
′ + 𝑚𝑧𝑑𝜎𝑧
′)𝑚𝑧 (4.10c) 
where 𝑃 = 𝑃(𝜎𝑟
′ , 𝜎𝜃
′ , 𝜎𝑧
′, 𝑝𝑐
′ , 𝛼𝑟 , 𝛼𝜃, 𝛼𝑧) denotes the plastic potential function and coincides with 
the yield function 𝐹 = 𝐹(𝜎𝑟
′, 𝜎𝜃
′ , 𝜎𝑧
′, 𝑝𝑐
′ , 𝛼𝑟 , 𝛼𝜃, 𝛼𝑧) under the associated flow rule assumption, i.e. 
𝑃 ≡ 𝐹; 
        𝑚𝑟 =
𝜕𝐹
𝜕𝜎𝑟
′ =
1
3
𝜕𝐹
𝜕𝑝′
+
3
𝑀2
(𝑠𝑟
′ − 𝑝′𝛼𝑟)   (4.11a) 
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        𝑚𝜃 =
𝜕𝐹
𝜕𝜎𝜃
′ =
1
3
𝜕𝐹
𝜕𝑝′
+
3
𝑀2
(𝑠𝜃
′ − 𝑝′𝛼𝜃)   (4.11b) 
        𝑚𝑧 =
𝜕𝐹
𝜕𝜎𝑧
′ =
1
3
𝜕𝐹
𝜕𝑝′
+
3
𝑀2
(𝑠𝑧
′ − 𝑝′𝛼𝑧)   (4.11c) 
        𝑦 = −1/ {[−𝑝′ +
3𝑝′(𝛼𝑟
2+𝛼𝜃
2+𝛼𝑧
2)
2𝑀2
1+𝑒
𝜆−𝜅
]𝑝𝑐
′ 𝜕𝐹
𝜕𝑝′
+
3𝑝′
𝑀2
𝑣
𝜆−𝜅
𝑐
𝑝𝑐
′ [(−𝑠𝑟
′ + 𝑝𝑐
′𝛼𝑟)(𝑠𝑟
′ − 𝑥𝑝′𝛼𝑟)   
            +(−𝑠𝜃
′ + 𝑝𝑐
′𝛼𝜃)(𝑠𝜃
′ − 𝑥𝑝′𝛼𝜃) + (−𝑠𝑧
′ + 𝑝𝑐
′𝛼𝑧)(𝑠𝑧
′ − 𝑥𝑝′𝛼𝑧)] |
𝜕𝐹
𝜕𝑝′
|} (4.11d)  
and 
        
𝜕𝐹
𝜕𝑝′
= 2𝑝′ − 𝑝𝑐
′ +
3
2𝑀2
{−2(𝑠𝑟
′𝛼𝑟 + 𝑠𝜃
′ 𝛼𝜃 + 𝑠𝑧
′𝛼𝑧) + 𝑝𝑐
′(𝛼𝑟
2 + 𝛼𝜃
2 + 𝛼𝑧
2)}   (4.11e) 
        Note that the hardening parameter 𝑝𝑐
′  in Eqs. (4.11d) and (4.11e) is expressible in terms of the 
current stress state 𝑝′ , and hence of the three stress components 𝜎𝑟
′ , 𝜎𝜃
′  , and 𝜎𝑧
′ . This can be 
demonstrated as follows. Under the undrained condition, the total volumetric strain increment 
𝑑𝜀𝑣 ≡ 0, so the plastic volumetric strain increment 𝑑𝜀𝑣
𝑝
, on the leverage of Eqs. (4.1)-(4.3), may 
be expressed as 
        𝑑𝜀𝑣
𝑝 = 𝑑𝜀𝑣 − 𝑑𝜀𝑣
𝑒 = −𝑑𝜀𝑣
𝑒 = −(𝑑𝜀𝑟
𝑒 + 𝑑𝜀𝜃
𝑒 + 𝑑𝜀𝑧
𝑒) = −
𝜅𝑑𝑝′
𝑣𝑝′
   (4.12) 
where 𝑑𝜀𝑣
𝑒 denotes the incremental elastic volumetric strain. 
        Substitution of Eq. (4.12) into Eq. (3.2) and subsequent integration of the result gives 
        𝑝𝑐
′ = 𝑝𝑐,0
′ (
𝑝′
𝑝0
′)
−
𝜅
𝜆−𝜅
 (4.13) 
where 𝑝0
′ =
1
3
(2𝜎ℎ
′ + 𝜎𝑣
′) corresponding to the initial mean effective stress and 𝑝𝑐,0
′  is the initial 
value of 𝑝𝑐
′  before the expansion of cavity. Eq. (4.13) clearly indicates that 𝑝𝑐
′  could be explicitly 
expressed as a function of the current stress components 𝜎𝑟
′, 𝜎𝜃
′ , and 𝜎𝑧
′ via 𝑝′. 
        Combining Eqs. (4.1), (4.9), and (4.10a)-(4.10c), one may obtain the following elastoplastic 
stress-strain matrix 
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        {
𝑑𝜎𝑟
′
𝑑𝜎𝜃
′
𝑑𝜎𝑧
′
} =
1
𝛥
[
𝑏11 𝑏12 𝑏13
𝑏21 𝑏22 𝑏23
𝑏31 𝑏32 𝑏33
] {
𝑑𝜀𝑟
𝑑𝜀𝜃
𝑑𝜀𝑧
} (4.14) 
where 
        𝑏11 =
1
𝐸2
[1 − 𝜇2 + 𝐸𝑚𝜃
2𝑦 + 2𝐸𝜇𝑚𝜃𝑚𝑧𝑦 + 𝐸𝑚𝑧
2𝑦] (4.15a) 
        𝑏12 =
1
𝐸2
[−𝐸𝑚𝑟(𝑚𝜃 + 𝜇𝑚𝑧)𝑦 + 𝜇(1 + 𝜇 − 𝐸𝑚𝜃𝑚𝑧𝑦 + 𝐸𝑚𝑧
2𝑦)] (4.15b) 
        𝑏13 =
1
𝐸2
[−𝐸𝑚𝑟(𝜇𝑚𝜃 + 𝑚𝑧)𝑦 + 𝜇(1 + 𝜇 + 𝐸𝑚𝜃
2𝑦 − 𝐸𝑚𝜃𝑚𝑧𝑦)] (4.15c) 
        𝑏22 =
1
𝐸2
[1 − 𝜇2 + 𝐸𝑚𝑟
2𝑦 + 2𝐸𝜇𝑚𝑟𝑚𝑧𝑦 + 𝐸𝑚𝑧
2𝑦] (4.15d) 
        𝑏23 =
1
𝐸2
[𝜇 + 𝜇2 + 𝐸𝜇𝑚𝑟
2𝑦 − 𝐸𝑚𝜃𝑚𝑧𝑦 − 𝐸𝜇𝑚𝑟(𝑚𝜃 + 𝑚𝑧)𝑦] (4.15e) 
        𝑏33 =
1
𝐸2
[1 − 𝜇2 + 𝐸𝑚𝑟
2𝑦 + 2𝐸𝜇𝑚𝑟𝑚𝜃𝑦 + 𝐸𝑚𝜃
2𝑦] (4.15f) 
        𝑏21 = 𝑏12 (4.15g) 
        𝑏31 = 𝑏13 (4.15h) 
        𝑏32 = 𝑏23 (4.15i) 
        𝛥 = −
1+𝜇
𝐸3
[(−1 + 𝜇 + 2𝜇2) + 𝐸(−1 + 𝜇)𝑚𝑟
2𝑦 + 𝐸(−1 + 𝜇)𝑚𝜃
2𝑦 − 2𝐸𝜇𝑚𝜃𝑚𝑧𝑦 
                −𝐸𝑚𝑧
2𝑦 + 𝐸𝜇𝑚𝑧
2𝑦 − 2𝐸𝜇𝑚𝑟(𝑚𝜃 + 𝑚𝑧)𝑦] (4.15j) 
        To account for the effect of large deformation, the natural or logarithmic definition of strain 
is adopted in the plastic zone, namely (Collins and Yu, 1996; Chen and Abousleiman, 2012) 
        𝑑𝜀𝑟 = −
𝜕(𝑑𝑟)
𝜕𝑟
 (4.16) 
        𝑑𝜀𝜃  = −
𝑑𝑟
𝑟
 (4.17) 
where 𝑟  denotes the current radial coordinate of a given material particle and 𝑑𝑟  is the 
infinitesimal change in position of that specific particle (Lagrangian description) pertaining to its 
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current configuration. For undrained cylindrical cavity expansion problem 𝑑𝜀𝑧 = 0 as a result of 
plane strain deformation, hence 
        𝑑𝜀𝑟 = −𝑑𝜀𝑣 − 𝑑𝜀𝜃 − 𝑑𝜀𝑧 = −𝑑𝜀𝜃 =
𝑑𝑟
𝑟
 (4.18) 
        On using this result the constitutive relationship, Eq. (4.14), can be rewritten as 
        
𝐷𝜎𝑟
′
𝐷𝑟
=
𝑏11−𝑏12
𝛥𝑟
 (4.19a) 
        
𝐷𝜎𝜃
′
𝐷𝑟
=
𝑏21−𝑏22
𝛥𝑟
 (4.19b) 
        
𝐷𝜎𝑧
′
𝐷𝑟
=
𝑏31−𝑏32
𝛥𝑟
 (4.19c) 
        Here 
𝐷
𝐷𝑟
 should be understood as the material derivative taken along the particle motion path 
(Lagrangian description). Note that the above governing differential equations, which are valid for 
any material point 𝑟𝑥 currently in the plastic zone (see Fig. 3.2), formally have three unknowns 𝜎𝑟
′, 
𝜎𝜃
′  and 𝜎𝑧
′ as functions of the single variable 𝑟. However, a careful observation of the right sides 
of Eqs. (4.19a)-(4.19c) [together with Eqs. (4.11a)-(4.11e) and (4.15a)-(4.15j)] shows that there 
are actually six unknown functions being involved in these equations, which indeed include the 
three as yet undetermined anisotropic variables 𝛼𝑟 , 𝛼𝜃  and 𝛼𝑧  in addition to the three stress 
components. Three additional equations therefore are required to make the problem solvable, and 
fortunately this can be furnished with the aid of previously defined hardening rule, i.e, Eq. (3.3), 
for these anisotropic parameters. 
        Notice that tr (
𝜕𝐹
𝜕𝜎𝑚𝑛
′ ) =
𝜕𝐹
𝜕𝑝′
, which means that ?̇?𝑟, ?̇?𝜃, and ?̇?𝑧 are in proportion to 𝜀?̇?
𝑝
 since 
under the assumption of associated plasticity 𝑑𝜀𝑣
𝑝 = 𝛬
𝜕𝑃
𝜕𝑝′
≡ 𝛬
𝜕𝐹
𝜕𝑝′
 . Eq. (3.3) therefore can be 
rewritten, according to Eqs. (3.2) and (4.13), in the component manner as 
        
𝐷𝛼𝑟
𝐷𝑟
= −
1
3(𝜆−𝜅)
𝜅𝑐
𝑝𝑐
′ (𝑠𝑟
′ − 𝑥𝑝′𝛼𝑟)sign(
𝜕𝐹
𝜕𝑝′
) ∙
𝑏11+𝑏31−𝑏22−𝑏32
𝑝′𝛥𝑟
 (4.19d) 
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𝐷𝛼𝜃
𝐷𝑟
= −
1
3(𝜆−𝜅)
𝜅𝑐
𝑝𝑐
′ (𝑠𝜃
′ − 𝑥𝑝′𝛼𝜃)sign(
𝜕𝐹
𝜕𝑝′
) ∙
𝑏11+𝑏31−𝑏22−𝑏32
𝑝′𝛥𝑟
 (4.19e) 
        
𝐷𝛼𝑧
𝐷𝑟
= −
1
3(𝜆−𝜅)
𝜅𝑐
𝑝𝑐
′ (𝑠𝑧
′ − 𝑥𝑝′𝛼𝑧)sign(
𝜕𝐹
𝜕𝑝′
) ∙
𝑏11+𝑏31−𝑏22−𝑏32
𝑝′𝛥𝑟
 (4.19f) 
        At this stage the differential equations required for complete solution of the cavity expansion 
problem in the plastic region, i.e., Eqs. (4.19a) to (4.19f), have been derived. In contrast to the 
isotropic modified Cam Clay model (Chen and Abousleiman, 2012), the number of the ordinary 
differential equations now increases (from three) up to six for the present anisotropic situation. 
This, however, will not add too much to the difficulties of the solution, and still some standard 
differential equation solver may be used to evaluate 𝜎𝑟
′, 𝜎𝜃
′ , 𝜎𝑧
′, 𝛼𝑟, 𝛼𝜃, and 𝛼𝑧 at particular values 
of 𝑟. 
4.3.2 Initial Conditions and Elastic-Plastic Boundary 
        In order to solve the simultaneous ordinary differential equations (4.19a)-(4.19f), one needs 
a prior knowledge of 𝑟𝑥𝑝  in association with the initial values of 𝜎𝑟
′(𝑟𝑥𝑝) , 𝜎𝜃
′ (𝑟𝑥𝑝) , 𝜎𝑧
′(𝑟𝑥𝑝) , 
𝛼𝑟(𝑟𝑥𝑝) , 𝛼𝜃(𝑟𝑥𝑝) , and 𝛼𝑧(𝑟𝑥𝑝) . Here 𝑟𝑥𝑝 corresponds to the radial position of the specific soil 
particle when it just enters into the plastic state. 
        Referring to Fig. 4.1, an isotropic overconsolidation ratio, 𝑅𝑝, of the soil, in terms of the mean 
effective stress, can be defined as 
        𝑅𝑝 =
𝑝𝑐,0
′
𝑝𝑎
′  (4.20) 
where 𝑝𝑐,0
′  is as defined before and 𝑝𝑎
′  is the projection onto the 𝑝′ axis of the right tip of a virtual, 
rotated ellipse, which is homothetic to the initial yield locus and passes through the in situ stress 
point 𝐴 (𝑝0
′ , 𝑞0). Note that here both the virtual and initial yield ellipses are related to the Lode 
angle 𝜃 =
𝜋
6
 and 
7𝜋
6
 (located in a particular plane passing the 𝜎𝑧
′ axis and bisecting the plane of 𝑜 −
𝜎𝑟
′ − 𝜎𝜃
′ , see Fig. 4.2), as a result of the axially symmetric compression and unloading. Also keep 
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in mind that the value of 𝑅𝑝 is different from the conventional one of 𝑂𝐶𝑅, the latter is defined as 
the ratio of past maximum effective vertical stress 𝜎𝑣,𝑚𝑎𝑥
′  to the in situ vertical effective stress 𝜎𝑣
′  
(Randolph et al., 1979). 
        As mentioned earlier, the mean effective stress for any material point retains constant in the 
phase of elastic deformation, meaning that the stress path in 𝑝′ − 𝑞 plane must be vertical before 
it hits the initial yield surface at certain point, say 𝐵 as shown in Fig. 4.1. It should, however, be 
remarked that from point 𝐴 to 𝐵 the soil particle usually has undergone a continuous variation of 
the Lode angle. So, it is quite understandable that the termination of the elastic deformation, point 
𝐵, is essentially not located at the initial yield ellipse corresponding to 𝜃 =
𝜋
6
 and 
7𝜋
6
, but instead 
at some other elliptical cut taken through the initial ellipsoidal yield surface yet with a changed 
value of 𝜃 (see Fig. 4.1). In other words, the two ellipses passing points 𝐵 and 𝐶 are produced 
 
 
Fig. 4.1 Overconsolidation ratio Rp in terms of mean effective stress p’ for anisotropic modified 
Cam Clay model 
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Fig. 4.2 Deviatoric plane and definition of Lode angle θ in connection with three principal 
stresses 
 
from the same three-dimensional, initial ellipsoidal surface with different constant 𝜃. 
        Combining the elastic region solutions (4.4)-(4.7) and the initial yielding condition of (3.1). 
Hence, 
        𝜎𝑟
′(𝑟𝑥𝑝) + 𝜎𝜃
′ (𝑟𝑥𝑝) = 2𝜎ℎ
′ =
6𝐾0,𝑜𝑐
1+2𝐾0,𝑜𝑐
𝑝0
′  (4.21) 
        𝜎𝑧
′(𝑟𝑥𝑝) = 𝜎𝑣
′ =
3
1+2𝐾0,𝑜𝑐
𝑝0
′  (4.22) 
        (𝑝0
′ )2 − 𝑝0
′𝑝𝑐,0
′ +
3
2𝑀2
{[𝑠𝑟
′(𝑟𝑥𝑝) − 𝑝0
′𝛼𝑟,0]
2
+ [𝑠𝜃
′ (𝑟𝑥𝑝) − 𝑝0
′𝛼𝜃,0]
2
  
                         +[𝑠𝑧
′(𝑟𝑥𝑝) − 𝑝0
′𝛼𝑧,0]
2
+ (𝑝𝑐,0
′ − 𝑝0
′ )𝑝0
′ [𝛼𝑟,0
2 + 𝛼𝜃,0
2 + 𝛼𝑧,0
2 ]} = 0 (4.23) 
where in writing Eq. (4.23), use has been made of the following apparent identities 
        𝛼𝑟(𝑟𝑥𝑝) = 𝛼𝑟,0 (4.24) 
        𝛼𝜃(𝑟𝑥𝑝) = 𝛼𝜃,0 (4.25) 
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        𝛼𝑧(𝑟𝑥𝑝) = 𝛼𝑧,0 (4.26) 
        𝑝′(𝑟𝑥𝑝) = 𝑝0
′  (4.27) 
        Eqs. (4.21)-(4.23) can be easily solved to give 
        𝜎𝑟
′(𝑟𝑥𝑝) = 𝜎ℎ
′ + √(𝜎ℎ
′ − 𝑝0
′ )2 + 𝜛 (4.28) 
        𝜎𝜃
′ (𝑟𝑥𝑝) = 𝜎ℎ
′ − √(𝜎ℎ
′ − 𝑝0
′ )2 + 𝜛 (4.29) 
where 
        𝜛 =
𝑀2
3
(𝑝0
′𝑝𝑐,0
′ − 𝑝0
′ 2) − 2(𝑝0
′ − 𝜎ℎ
′ )2 + 2𝑝0
′𝛼𝑟,0(𝜎ℎ
′ − 𝑝0
′ ) 
            −
1
2
(𝜎𝑧
′ − 𝑝0
′ )2 + 𝑝0
′𝛼𝑧,0(𝜎𝑧
′ − 𝑝0
′ ) −
1
2
𝑝0
′𝑝𝑐,0
′ (𝛼𝑟,0
2 + 𝛼𝜃,0
2 + 𝛼𝑧,0
2 ) (4.30) 
        The remaining piece of information is now to determine the initial condition point itself, i.e., 
the magnitude of 𝑟𝑥𝑝. This can be fulfilled by turning to Eq. (4.7) for the radial displacement 𝑤𝑟, 
which should still hold at the exact instant when the particular soil particle transforms from elastic 
to plastic state. Substituting 𝑟𝑥𝑝 for 𝑟𝑝 in Eq. (4.7) and setting 𝑟 = 𝑟𝑥𝑝, it is found that 
        𝑟𝑥𝑝 − 𝑟𝑥0 =
𝜎𝑟
′(𝑟𝑥𝑝)−𝜎ℎ
′
2𝐺0
𝑟𝑥𝑝 (4.31) 
which in combination with Eq. (3.7) identifies 𝑟𝑥𝑝 in terms of 𝑎0, 𝑎, and 𝑟𝑥 as follows 
        
𝑟𝑥𝑝
𝑎
=
1
1−
𝜎𝑟
′ (𝑟𝑥𝑝)−𝜎ℎ
′
2𝐺0
√(
𝑟𝑥
𝑎
)2 + (
𝑎0
𝑎
)2 − 1 (4.32) 
        Once 𝑟𝑥𝑝 is determined as given in Eq. (4.32), the desired elastic-plastic boundary 𝑟𝑝 may be 
calculated directly by letting 𝑟𝑥 = 𝑟𝑥𝑝 = 𝑟𝑝 in the above equation, giving 
        
𝑟𝑝
𝑎
= √
(
𝑎0
𝑎
)2−1
{
𝜎𝑟
′ (𝑟𝑥𝑝)−𝜎ℎ
′
2𝐺0
}
2
−
𝜎𝑟
′ (𝑟𝑥𝑝)−𝜎ℎ
′
𝐺0
 (4.33) 
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4.3.3 Excess pore pressure in plastic zone 
        In the plastic region 𝑎 ≤ 𝑟 ≤ 𝑟𝑝, the evaluated effective stresses from Eqs. (4.19a)-(4.19f) 
allows the distribution of pore pressure 𝑢(𝑟𝑥)  to be determined by integration of the radial 
equilibrium equation (3.12), which results in 
        𝑢(𝑟𝑥) = 𝜎𝑟
′(𝑟𝑥𝑝) + 𝑢0 − 𝜎𝑟
′(𝑟𝑥) − ∫
𝜎𝑟
′−𝜎𝜃
′
𝑟
𝑟𝑥
𝑟𝑝
𝑑𝑟 (4.34) 
and the excess pore pressure is therefore Δ𝑢(𝑟𝑥) = 𝑢(𝑟𝑥) − 𝑢0. 
4.4 Results and Discussions 
        The formulation and procedure presented above provide a rigorous theoretical framework for 
the undrained cylindrical expansion problem in anisotropic modified Cam Clay soil. However, the 
solution to the governing differential equations (4.19a)-(4.19f) cannot be expressed in an explicit 
analytical form, but instead a simple numerical calculation is necessary. Here the symbolic 
computational package Wolfram Mathematica 10.2  will be used for this purpose. In the 
computation procedure, the plastic region 𝑎 < 𝑟 < 𝑟𝑝 may be divided into 𝑁 equal partitions with 
each point denoted by 𝑟𝑖 = 𝑎 + (𝑖 − 1)
𝑟𝑝−𝑎
𝑁
 (𝑖 = 1, 2,⋯𝑁 + 1). It is found that an adoption of 
𝑁 = 20000 is usually large enough to give satisfactory results. 
        In this section, a representative comparison will be made first between Chen and 
Abousleiman’s (2012) solutions using the isotropic modified Cam Clay model and those recovered 
as a limiting case of the present cavity expansion model for the anisotropic elastoplastic soils, to 
verify the accuracy of the forgoing formulations and to check the numerical computations. Then, 
extensive parametric studies will be conducted to explore the impacts of initial 𝐾0 consolidation 
and subsequent stress-induced anisotropy and of 𝑂𝐶𝑅 on the cavity expansion response, the stress 
and excess pore pressure distributions around the cavity, and on the progressive development of 
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the stress-induced anisotropy. 
4.4.1 Comparison with Existing Solutions for Isotropic Modified Cam Clay Model 
        Obviously the solutions for isotropic modified Cam Clay model can be obtained in a 
straightforward way by taking the relevant anisotropic variables and plasticity parameters 
sufficiently small, i.e., 𝛼𝑟,0 → 0, 𝛼𝜃,0 → 0, 𝛼𝑧,0 → 0, and 𝑐 → 0. The reason for having such small 
values for the aforementioned variables, instead of setting them as zero, is quite obvious, retaining 
the anisotropy feature of soils in the calculation, though quite limited. To compare with the existing 
isotropic elastoplastic cavity expansion results (Chen and Abousleiman, 2012), the following 
parameters as tabulated in Table 4.1 therefore are specified for the anisotropic soil case. 
Table 4.1 Parameters used for verification with existing solutions 
 
𝑀 = 1.2, 𝜆 = 0.15, 𝜅 = 0.03, 𝑣 = 0.278, 𝑣𝑐𝑠 = 2.74, and 𝛼𝑟,0 = 𝛼𝜃,0 = 𝛼𝑧,0 = 0 
𝑅𝑝 𝜎ℎ: kPa 𝜎𝑣: kPa 𝑝0: kPa 𝑞0: kPa 𝐾0 𝑣0 𝑢0: kPa 𝑥 𝑐 
1.2 100 160 120 60 0.625 2.06 100 2.3 0 
 
        Figs. 4.3-4.4 shows the variation of the internal pressure 
𝜎𝑎
𝑠𝑢
  (normalized with 𝑠𝑢 , the 
undrained shear strength under plane strain conditions) with the normalized cavity radius 
𝑎
𝑎0
 and 
the distributions of the stress components 𝜎𝑟
′, 𝜎𝜃
′ , and 𝜎𝑧
′ along the radial distance 
𝑟
𝑎
 corresponding 
to the expanded cavity radius of 
𝑎
𝑎0
= 2. It is clear that the current analysis is in excellent agreement 
with the isotropic results by Chen and Abousleiman (2012). 
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Fig. 4.3 Comparisons of cavity wall pressure versus expanded radius 
 
 
 
Fig. 4.4 Comparisons of the distributions of stress components [solid line: anisotropic; dashed 
line: isotropic (Chen and Abousleiman, 2012)] 
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4.4.2 Effects of K0 Consolidation and Subsequent Stress-Induced Anisotropy 
        The material parameters needed for the numerical analyses are tabulated in Table 4.2. Of these, 
the values of the critical state soil properties 𝑀, 𝜆, 𝜅, and 𝑣𝑐𝑠 (specific volume at unit 𝑝′ on critical 
state line in 𝑣 − ln𝑝′ plane) are those relevant to Boston Blue clay [which are taken from the data 
given by Randolph et al. (1979)]. Following Randolph et al. (1979), a unique initial specific 
volume of 𝑣0 = 2.16 has been specifically selected for different values of 𝐾0,𝑜𝑐 = 0.55, 0.7, and 
1 for the purpose of convenient comparison. The (plane strain) undrained shear strength 𝑠𝑢 is 
determined by the formula 𝑠𝑢 =
1
√3
𝑀𝑒(𝑣𝑐𝑠−𝑣0)/𝜆 (Chen and Abousleiman, 2012). The two required 
anisotropic parameters are 𝑥 = 2.3 and 𝑐 = 2. The magnitude of 𝑐 is not determined from the test 
results, but an estimated value due to the absence of sufficient experimental resources in the 
literature. Note that in the interests of simplicity, the constant 𝐴0 [in Eqs. (3.8)-(3.10)] is taken as 
unity throughout the numerical calculations. 
Table 4.2 Parameters used in numerical analyses 
 
𝑀 = 1.2, 𝜆 = 0.15, 𝜅 = 0.03, 𝑣𝑐𝑠 = 2.744, 𝑣0 = 2.16, 𝑐 = 2, 𝑥 = 2.3, and 𝐴0 = 1 
Case 𝑂𝐶𝑅 𝑅𝑝 𝐾0,𝑛𝑐 𝐾0,𝑜𝑐 𝐺0/𝑠𝑢 𝜎ℎ
′/𝑠𝑢 𝜎𝑣
′/𝑠𝑢 𝑝0
′ /𝑠𝑢 𝑞0/𝑠𝑢 𝑢0/𝑠𝑢 
A 1 1.00 0.55 0.55 74 1.63 2.96 2.07 1.33 2.5 
B 2 2.07 0.55 0.70 83 1.16 1.66 1.33 0.50 2.5 
C 4 3.20 0.55 1.00 91 0.90 0.90 0.90 0.00 2.5 
 
        Only the case 𝐴  of 𝑂𝐶𝑅 = 1  is considered to examine the influences of initial 𝐾0 
compression and subsequent stress-induced anisotropy on the cavity expansion responses. Fig. 4.5 
depicts the variations of radial, tangential, and vertical effective stresses along the radial distance 
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for an expanded cavity radius of 
𝑎
𝑎0
= 2, with comparisons given between two sets of results: one 
in which the anisotropic behaviour is fully addressed from the present theory, and the other in 
which such an anisotropic effect is totally neglected as given by Chen and Abousleiman (2012). 
This figure shows clearly that ignoring the plastic anisotropy of the soil may lead to considerable 
overestimates of the two stress components 𝜎𝑟
′ and 𝜎𝜃
′ , yet an underestimate of 𝜎𝑧
′ in the vicinity 
of the cavity. The impact is particularly significant on results for the radial stress. Since the change 
(increase) in radial effective stress at the pile-soil interface during pile installation plays an 
essential role in mobilizing the ultimate shaft resistance of piles (Randolph and Gourvenec, 2011), 
one may conclude that using the isotropic model tends to be on the non-conservative side of the 
pile capacity prediction. Fig. 4.5 also shows that in the respective regions of 1 ≤
𝑟
𝑎
≤ 2.06 and  
 
 
Fig. 4.5 Influences of K0 consolidation on effective stress distributions around cavity [solid line: 
anisotropic; dashed line: isotropic (Chen and Abouslieman, 2012)] 
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1 ≤
𝑟
𝑎
≤ 2.35 immediately adjacent to the cavity, all the three stress components remain constants 
for both the anisotropic and isotropic modified Cam Clay models employed. However, unlike the 
isotropic modified Cam Clay model (Chen and Abousleiman, 2012), the vertical effective stress 
calculated with the present anisotropic model is not necessarily equal to the mean of the radial and 
tangential effective stresses in the critical state zone. This feature has also been similarly noted 
recently by Li L. et al. (2016), though in their work a model with “fixed” rotation of the yield 
surface was simply postulated. 
        The comparison of 𝑝′ − 𝑞  stress path for a soil element at the cavity surface is further 
presented in Fig. 4.6, where the solid and dashed curves correspond to the anisotropic and isotropic 
modified Cam Clay models, respectively. As is anticipated, the two results are quite distinct from 
each other. The effective stress paths both start from the same point 𝐴 (
𝑝0
′
𝑠𝑢
= 2.07 and 
𝑞0
𝑠𝑢
= 1.33) 
 
 
Fig. 4.6 Influence of K0 consolidation anisotropy on the p’-q stress path 
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located on the initial yield surfaces, but stop at different points 𝐹 and 𝐹′ on the critical state line 
featuring the occurrence of failure. It should be remarked that when the stress state is taken 
progressively from 𝐴 to 𝐹 or to 𝐹′, the soil has actually been experiencing a continued variation 
of the Lode angle 𝜃 . For the isotropic modified Cam Clay model where the yield surface is 
generated by rotation about the mean effective stress axis, any sections through the yield surface 
at constant Lode angle (i.e., containing the current stress state and 𝑝′ axis) will plot as a series of 
geometrically similar ellipses (see dashed yield loci passing points 𝐴 and 𝐹′ ). In contrast, the 
sections associated with the anisotropic modified Cam Clay model, though still of elliptical shape, 
will no longer retain its original proportion once the (plastic) deformation begins. This point is 
well reflected from the two solid yield curves passing through states 𝐴 and 𝐹, where the observed 
changes in geometry and direction result from the combination of rotation and distortion hardening 
of the ellipsoidal yield surface with the varying Lode angle. 
4.4.3 Effects of Overconsolidation Ratio 
        As summarized in Table 4.1, three different values of 𝑂𝐶𝑅 = 1, 2, and 4 (corresponding to 
𝐾0,𝑜𝑐 = 0.55 , 0.7 , and 1.0 ) will be considered in this subsection to examine in some detail its 
influences on the cavity responses. The normalized initial stresses are set as 
𝜎ℎ
′
𝑠𝑢
= 1.63, 
𝜎𝑣
′
𝑠𝑢
= 2.96; 
𝜎ℎ
′
𝑠𝑢
= 1.16, 
𝜎𝑣
′
𝑠𝑢
= 1.66; and 
𝜎ℎ
′
𝑠𝑢
= 0.90, 
𝜎𝑣
′
𝑠𝑢
= 0.90, respectively. Figs. 4.7-4.8 demonstrate that both 
the normalized cavity wall pressure 𝜎𝑎 and excess pore pressure 𝛥𝑢(𝑎) increase rapidly with the 
normalized cavity radius when 
𝑎
𝑎0
≤ 2, but more gradually beyond this range until the respective 
ultimate values are approached. As 𝑂𝐶𝑅  increases, the predicted magnitudes of 
𝜎𝑎
𝑠𝑢
  and 
𝛥𝑢(𝑎)
𝑠𝑢
 
decrease, but the expanded cavity size 
𝑎
𝑎0
 needed to achieve the limit condition remains largely 
unchanged. The above observations are overall consistent with the results reported in Cao et al. 
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Fig. 4.7 Variations of normalized internal cavity pressure 
 
 
 
Fig. 4.8 Variations of excess pore pressure at cavity wall with expanded cavity radius 
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 (2001) and Chen and Abousleiman (2012). 
        The variations of the effective stresses 𝜎𝑟
′, 𝜎𝜃
′ , 𝜎𝑧
′ and excess pore pressure ∆𝑢 versus radial 
distance corresponding to an expanded cavity radius 
𝑎
𝑎0
= 2 are plotted in Fig. 4.9 in dimensionless 
form for all the three 𝑂𝐶𝑅 values considered. It can be expected, and numerical calculations 
confirm, that for the critical state based model involved, three individual deformation zones, i.e., 
failure, plastic, and elastic zones in general exist from the cavity wall down to the far field, 
provided 
𝑎
𝑎0
 is sufficiently large. However, for the case of normally consolidated soil with 𝑂𝐶𝑅 =
1, there will be no purely elastic zone developed outside the cavity since the adjacent soil is at 
plastic state immediately after the cavity expansion. Fig. 4.9 shows that the calculated distributions  
 
 
(a) OCR = 1 
 
Fig. 4.9 Distributions of effective radial, tangential, vertical stresses and excess pore pressure 
along the radial distance  
(fig. cont’d.) 
1 10 100
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
'
z
'

'
r
Plastic region
a/a
0
 = 2
 
Critical state region
S
tr
e
s
s
/s
u
r/a
u
44 
 
 
 
(b) OCR = 2 
 
 
 
(c) OCR = 4 
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of the three effective stresses are greatly influenced by the overconsolidation ratio, but its (𝑂𝐶𝑅)  
impact on the sizes of failure and plastic zones is fairly marginal. The figure also implies that ∆𝑢 
in the critical state zone changes linearly with the logarithm of 
𝑟
𝑎
. This is because in this region 𝜎𝑟
′ 
and 𝜎𝜃
′  both are constant, consequently 𝜎𝑟
′ − 𝜎𝜃
′ = constant as well and 
𝜕𝜎𝑟
′
𝜕𝑟
= 0, hence from Eq. 
(4.34) ∆𝑢 must be a linear function of log (𝑟). 
        Fig. 4.10 further shows the influences of 𝑂𝐶𝑅 on the evolutions of hardening parameter 𝑝𝑐
′  
and anisotropic variables 𝛼𝑟, 𝛼𝜃, and 𝛼𝑧. Clearly, 𝑝𝑐
′  remains constant in both the external elastic 
(𝑂𝐶𝑅 = 2 and 4) and internal critical state zones, and its magnitude changes in the plastic zone 
indicate the gradual expansion or contraction of the yield surface. On the other hand, it is noted  
 
 
(a) OCR = 1 
 
Fig. 4.10 Evolutions of pressure hardening parameter and anisotropic variables for different 
overconsolidation ratio 
(fig. cont’d.) 
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(b) OCR = 2 
 
 
 
(c) OCR = 4 
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that the three anisotropic hardening variables all take constant initial values of 𝛼𝑟,0 = 𝛼𝜃,0 =
−0.214 and 𝛼𝑧,0 = 0.429 in the elastic zone, the result being true for all the 𝑂𝐶𝑅 cases involved. 
When the soil experiences plastic deformations after yielding, the radial anisotropic hardening 
variable 𝛼𝑟 separates gradually from the tangential one 𝛼𝜃, implying that the developed ellipsoidal 
yield surface in the plastic zone will no longer be symmetric with respect to 𝑟 and 𝜃 axes (i.e., 
violation of the original transverse isotropy developed during the 𝐾0 consolidation). As seen from 
these figures, 𝛼𝑟 increases while 𝛼𝜃 and 𝛼𝑧 decrease, all in a monotonic way, until their critical 
state values are reached. However, the anisotropy deviatoric tensor 𝛼𝑖𝑗 imposes the constraint that 
𝛼𝑟 + 𝛼𝜃 + 𝛼𝑧 = 0; the increase in 𝛼𝑟 and reduction of 𝛼𝜃 and 𝛼𝑧 therefore effectively cancel each 
other out. 
        Finally, Fig. 4.11 presents the effective stress path in the 𝑝′ − 𝑞 plane for a soil element at the 
cavity wall. For 𝑂𝐶𝑅 = 1, the in situ stress point 𝐴 (
𝑝0
′
𝑠𝑢
= 2.07, 
𝑞0
𝑠𝑢
= 1.33) is located on the initial 
yield surface which the soil possesses after having been (one-dimensionally) 𝐾0  normally 
compressed. The path is directed gradually towards the critical state line during the cavity 
expansion process and eventually terminates at point 𝐹. It is worth mentioning again that the stress 
changes following the curve 𝐴𝐹 are entirely elastoplastic and that the Lode angle varies from point 
to point along the path. For example, the yield locus passing through the failure point 𝐹 (i.e., the 
particular intersection curve between the failure surface and a plane containing the hydrostatic axis 
and point 𝐹) takes a different Lode angle of 𝜃 = 4.78 rad (274) as compared with the one of 𝜃 =
7𝜋
6
 associated with the yield locus through 𝐴. For overconsolidated soils with 𝑂𝐶𝑅 = 2 and 4, the 
initial stress state 𝐴  must lie inside the initial yield locus. The soil element hence behaves 
elastically prior to yield. Therefore, the effective stress paths show no change in mean effective  
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(a) OCR = 1 
 
 
 
(b) OCR = 2 
 
Fig. 4.11 Stress path followed in p’-q plane for a soil particle at cavity wall 
(fig. cont’d.) 
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(c) OCR = 4 
 
stress 𝑝′ until the initial yield loci are reached (at 𝐶 in Figs. 4.11b and 4.11c). Once the soil has 
yielded at 𝐶, the stress paths turn again towards the critical sate line and inevitably end at some 
point 𝐹. 
        One should notice that in Fig. 4.11c for the case of 𝑂𝐶𝑅 = 4 , the stress state trajectory 
initially overshoots the critical state line from the wet-side (
𝑞
𝑝′
< 𝑀) to the dry-side (
𝑞
𝑝′
> 𝑀) before 
it finally returns to the “true” failure state. This is somehow different from the undrained cavity 
expansion results with the use of isotropic modified Cam Clay model, where the stress paths have 
been found always approaching the critical state line from either its wet or dry side (Chen and 
Abousleiman, 2012). Nevertheless, similar findings have been reported in the literature for the 
drained cavity expansion problem (Collins and Stimpson, 1994; Chen and Abousleiman, 2013). 
The observed stress path crossing the critical state line during the continuing plastic deformation 
(Fig. 4.11c) shall be explained as the result of a neutral loading at the intersection point, which 
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generally features a transition between the plastic hardening and plastic softening behavior 
[although here the plastic hardening phase is too short (i.e., point 𝐶 is too close to the critical state 
line) to be distinguished]. Particularly, it is noteworthy to point out that the trajectory actually 
overshoots the critical state line at certain oblique angle instead of being parallel to the 𝑝′ axis, the 
latter being exclusively seen in the case of isotropic modified Cam Clay model (Chen and 
Abousleiman, 2013). This is again attributed to the orientation/inclination nature of the ellipsoidal 
yield surface (with respect to the 𝑝′ axis) adopted in the current anisotropic modified Cam Clay 
model. 
4.5 Summary 
        The classical cavity expansion modelling within the framework of Cam Clay critical state 
theory is extended to include the anisotropic plasticity feature of 𝐾0 consolidated soils. The starting 
point of the present analysis is the well-known anisotropic critical state soil plasticity model 
proposed by Dafalias (1987), yield surfaces consisting of rotated and distorted ellipsoids with the 
degree of rotation/distortion controlled by a set of tensorial variables. By employing the 
Lagrangian (material) description approach recently developed by Chen and Abousleiman (2012), 
the undrained cavity expansion solution has been successfully obtained. The difficulties arising 
from the coupling between the additionally involved anisotropic variables and the stress 
components are eliminated by incorporating directly the anisotropic hardening variables into a 
system of governing equations as three basic unknowns. 
        As expected, there usually exist three deformation zones, i.e., the external elastic zone, the 
intermediate plastic zone, and the internal critical state zone outside the cavity, provided that the 
cavity is sufficiently expanded and the 𝑂𝐶𝑅 value is greater than 1. However, unlike the solution 
for the isotropic modified Cam Clay model, the calculated vertical stress in the critical state zone 
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for the present 𝐾0 consolidated anisotropic soils, though still remaining unchanged, is not equal to 
the mean of the associated radial and tangential stresses any longer. Furthermore, it is noted that 
for moderately to heavily overconsolidated soils (𝑂𝐶𝑅 = 4), the effective stress path in the 𝑝′ − 𝑞 
plane may cross the critical state line at certain oblique angle during the cavity expansion process, 
featuring the occurrence of neutral loading at the intersection point and simultaneously a transition 
between the plastic hardening and plastic softening behaviour. The great impacts of considering 
the 𝐾0 consolidation and subsequent stress-induced anisotropies on the cavity responses have also 
been clearly seen. Ignoring the plastic anisotropy of the soil tends to overestimate the radial 
effective stress (increase) at the cavity surface, it thus leads to an overestimate of the ultimate shaft 
resistance when used for predicting the pile behaviour. 
        The computed stress components and anisotropic hardening variables distributions, and in 
particular the effective stress paths, capture reasonably well the evolutions of the rotational and 
distortional yield surface in the principal stress space as well as the anticipated elastoplastic to 
failure behaviour of the soils surrounding the cavity. The solution procedure and numerical results 
not only complement and extend substantially the work by Chen and Abousleiman (2012), but also 
can serve as a precise benchmark for the finite element numerical modelling of the cavity 
expansion problem involving the advanced anisotropic critical state plasticity models. 
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CHAPTER 5. DRAINED ANALYTICAL SOLUTION FOR 
CYLINDRICAL CAVITY EXPANSION IN ANISOTROPIC MODIFIED 
CAM CLAY SOIL 
5.1 Introduction 
        This chapter presents an exact semi-analytical solution for the drained cylindrical cavity 
expansion problem using the well-known anisotropic modified Cam Clay model proposed by 
Dafalias (1987). The prominent feature of this elastoplastic model, i.e., its capability to describe 
both the initial fabric anisotropy and stress-induced anisotropy of soils, makes the anisotropic 
elastoplastic solution derived herein for the cavity problem a more realistic one. Following the 
novel solution scheme developed by Chen and Abousleiman (2013) that links between the Eulerian 
and Lagrangian formulations of the radial equilibrium equation, the plastic zone solution can be 
eventually obtained by solving a system of eight partial differential equations with the three stress 
components, specific volume, preconsolidation pressure, and three anisotropic hardening 
parameters, being the basic unknowns. Parametric studies have then been conducted to explore the 
influences of 𝐾0  consolidation anisotropy and overconsolidation ratio ( 𝑂𝐶𝑅 ), and their 
pronounced impacts on the stress patterns outside the cavity as well as on the development of 
stress-induced anisotropy are clearly observed. 
5.2 Drained Solution in Elastic Region 
        In the elastic region 𝑟 ≥ 𝑟𝑝, the displacements and strains are very small so an infinitesimal 
deformation can be assumed for the soil mass. In the process of the cavity expansion, the radial 
and tangential strain increments 𝐷𝜀𝑟 and 𝐷𝜀𝜃, associated with any material point currently located 
                                                 
 This chapter was previously published as: Liu, K., and Chen, S.L. 2019. Analysis of cylindrical 
cavity expansion in anisotropic critical state soils under drained conditions. Canadian 
Geotechnical Journal, available online. © NRC Research Press and is reproduced here by 
permission of my co-authors. 
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at 𝑟 in the elastic region, can be written as (compression taken as positive) 
        𝐷𝜀𝑟 = −
𝑑(𝐷𝑢𝑟)
𝑑𝑟
 (5.1) 
        𝐷𝜀𝜃  = −
𝐷𝑢𝑟
𝑟
 (5.2) 
where 𝐷𝑢𝑟 denotes the differential displacement of the given material point in the radial direction, 
while 
𝑑
𝑑𝑟
 should be understood as the spatial derivative with respect to the radial coordinate 𝑟 
(Eulerian description). These two incremental strains together with the one in 𝑧 direction, 𝐷𝜀𝑧, 
under the isotropic assumption of linear elastic behaviour, are related to the stress increments 𝐷𝜎𝑟, 
𝐷𝜎𝜃, and 𝐷𝜎𝑧 of the particle as follows 
        {
𝐷𝜀𝑟
𝐷𝜀𝜃
𝐷𝜀𝑧
} =
1
3𝐾(1−2𝜇)
[
1 −𝜇 −𝜇
−𝜇 1 −𝜇
−𝜇 −𝜇 1
] · {
𝐷𝜎𝑟
𝐷𝜎𝜃
𝐷𝜎𝑧
} (5.3) 
where 𝜇  represents the drained Poisson’s ratio; 𝐾  is the bulk modulus dependent on current 
specific volume and mean stress, defined as 
        𝐾 =
𝑣𝑝′
𝜅
 (5.4) 
which has the following relationship with shear and Young’s moduli 𝐺 and 𝐸 
        𝐺 =
3(1−2𝜇)𝐾
2(1+𝜇)
,        𝐸 = 2𝐺(1 + 𝜇) (5.5) 
        At the beginning of the expansion of cavity, the deformation of the soil is purely elastic with 
the Young's modulus 𝐸 and shear modulus 𝐺 equal to their initial values 𝐸0 and 𝐺0, respectively. 
Following the theory of elasticity (Timoshenko and Goodier 1970), the first instant incremental 
solutions for the stresses and radial displacement can be easily found to be 
        𝐷𝜎𝑟 = 𝐷𝜎𝑎 (
𝑎0
𝑟
)
2
 (5.6) 
        𝐷𝜎𝜃 = −𝐷𝜎𝑎 (
𝑎0
𝑟
)
2
 (5.7) 
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        𝐷𝜎𝑧 = 0 (5.8) 
        𝐷𝑢𝑟 =
𝐷𝜎𝑎
2𝐺0
𝑎0
2
𝑟
 (5.9) 
where the notation 𝐷𝜎𝑎 is used for the radial stress increment at the cavity wall over its initial 
value of 𝜎ℎ. It should be emphasized that the above expressions are valid only in the case that 𝐸 
and 𝐺 are constants for any material particle in the elastic zone. 
        From Eqs. (5.6)-(5.8) one has 
        𝐷𝑝 =
1
3
(𝐷𝜎𝑟 + 𝐷𝜎𝜃 + 𝐷𝜎𝑧) = 0 (5.10) 
which combined with Eq. (5.3) gives 
        𝐷𝜀𝑣 = 𝐷𝜀𝑟 + 𝐷𝜀𝜃 + 𝐷𝜀𝑧 =
3(1−2𝜇)
𝐸
𝐷𝑝 = 0 (5.11) 
where 𝐷𝜀𝑣 = −
𝐷𝑣
𝑣
 is the volumetric strain increment. 
        Eqs. (5.10) and (5.11) indicate that both the mean stress and specific volume must remain 
constants for any point in the elastic region when the internal cavity pressure is increased by an 
infinitesimal amount of 𝐷𝜎𝑎. This is a favourable feature and indeed a natural outcome of the 
defined cylindrical cavity boundary value problem (Chen 2012). As a consequence, from Eqs. 
(5.4)-(5.5) 𝐸  and 𝐺  should also stay constants after this loading increment. Eqs. (5.6)-(5.9) 
therefore can again be used to obtain the corresponding stress and displacement increments for the 
next increment of the cavity pressure, which invariably ends up with constant Young's modulus 
and shear modulus equal to 𝐸0 and 𝐺0, respectively, in the whole elastic region. The process can 
thus be repeated until the cavity pressure is finally increased to the current value of 𝜎𝑎. The only 
point however to note is that, after the plastic zone has been formed outside the cavity, 𝑎0 and 𝐷𝜎𝑎 
appearing in Eqs. (5.6)-(5.9) should be replaced, respectively, by 𝑟𝑝𝑥  pertaining to the 
instantaneous position of the particle which is originally located at 𝑟𝑝0 while currently at the 
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elastic-plastic interface 𝑟𝑝 and the corresponding radial stress increment at 𝑟 = 𝑟𝑝𝑥. 
        From the above analysis it is quite evident that the Young's modulus and shear modulus 
always remain unchanged in the external elastic region, throughout the cavity expansion. The 
solutions for stresses and radial displacement thus can be directly obtained as (Timoshenko and 
Goodier 1970) 
        𝜎𝑟 = 𝜎ℎ + (𝜎𝑝 − 𝜎ℎ)(
𝑟𝑝
𝑟
)2 (5.12) 
        𝜎𝜃 = 𝜎ℎ − (𝜎𝑝 − 𝜎ℎ)(
𝑟𝑝
𝑟
)2 (5.13) 
        𝜎𝑧 = 𝜎𝑣 (5.14) 
        𝑢𝑟 =
𝜎𝑝−𝜎ℎ
2𝐺0
𝑟𝑝
2
𝑟
 (5.15) 
where 𝜎𝑝 denotes the radial stress at the elastic-plastic interface 𝑟 = 𝑟𝑝. 
5.3 Drained Solution in Anisotropic Plastic Region 
5.3.1 Elastoplastic Constitutive Relationship 
        Consider now the plastic region as indicated in Fig. 3.3, which will progressively develop and 
spread from the cavity surface to the surrounding soils when the internal pressure 𝜎𝑎 is gradually 
increased above 𝜎𝑝. In this region, the total strain increments 𝐷𝜀𝑟, 𝐷𝜀𝜃, and 𝐷𝜀𝑧 may be written 
as the sum of the elastic and plastic components 
        𝐷𝜀𝑟 = 𝐷𝜀𝑟
𝑒 + 𝐷𝜀𝑟
𝑝
,        𝐷𝜀𝜃 = 𝐷𝜀𝜃
𝑒 + 𝐷𝜀𝜃
𝑝
,        𝐷𝜀𝑧 = 𝐷𝜀𝑧
𝑒 + 𝐷𝜀𝑧
𝑝
 (5.16) 
where the incremental elastic strains 𝐷𝜀𝑟
𝑒, 𝐷𝜀𝜃
𝑒, and 𝐷𝜀𝑧
𝑒 can be readily obtained from the isotropic 
Hooke’s law by reference to Eq. (5.3), while the incremental plastic strains 𝐷𝜀𝑟
𝑝
, 𝐷𝜀𝜃
𝑝
, and 𝐷𝜀𝑧
𝑝
 
should be obtained from the flow rule via the plastic potential function. For anisotropic Cam Clay 
model with an associated flow rule, from Eq. (3.1) the three incremental plastic strains can be 
expressed as 
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        𝐷𝜀𝑟
𝑝 = 𝛬
𝜕𝐹
𝜕𝜎𝑟
= 𝑦(𝑚𝑟𝐷𝜎𝑟 + 𝑚𝜃𝐷𝜎𝜃 + 𝑚𝑧𝐷𝜎𝑧)𝑚𝑟 (5.17a) 
        𝐷𝜀𝜃
𝑝 = 𝛬
𝜕𝐹
𝜕𝜎𝜃
= 𝑦(𝑚𝑟𝐷𝜎𝑟 + 𝑚𝜃𝐷𝜎𝜃 + 𝑚𝑧𝐷𝜎𝑧)𝑚𝜃 (5.17b) 
        𝐷𝜀𝑧
𝑝 = 𝛬
𝜕𝐹
𝜕𝜎𝑧
= 𝑦(𝑚𝑟𝐷𝜎𝑟 + 𝑚𝜃𝐷𝜎𝜃 + 𝑚𝑧𝐷𝜎𝑧)𝑚𝑧 (5.17c) 
where 
        𝑚𝑟 =
𝜕𝐹
𝜕𝜎𝑟
=
1
3
𝜕𝐹
𝜕𝑝
+
3
𝑀2
(𝑠𝑟 − 𝑝𝛼𝑟) (5.18a) 
        𝑚𝜃 =
𝜕𝐹
𝜕𝜎𝜃
=
1
3
𝜕𝐹
𝜕𝑝
+
3
𝑀2
(𝑠𝜃 − 𝑝𝛼𝜃) (5.18b) 
        𝑚𝑧 =
𝜕𝐹
𝜕𝜎𝑧
=
1
3
𝜕𝐹
𝜕𝑝
+
3
𝑀2
(𝑠𝑧 − 𝑝𝛼𝑧) (5.18c) 
        𝑦 = −1/ {[−𝑝 +
3𝑝(𝛼𝑟
2+𝛼𝜃
2+𝛼𝑧
2)
2𝑀2
𝑣
𝜆−𝜅
] 𝑝𝑐
𝜕𝐹
𝜕𝑝
+
3𝑝
𝑀2
𝑣
𝜆−𝜅
𝑐
𝑝𝑐
[(−𝑠𝑟 + 𝑝𝑐𝛼𝑟)(𝑠𝑟 − 𝑥𝑝𝛼𝑟)  
        +(−𝑠𝜃 + 𝑝𝑐𝛼𝜃)(𝑠𝜃 − 𝑥𝑝𝛼𝜃) + (−𝑠𝑧 + 𝑝𝑐𝛼𝑧)(𝑠𝑧 − 𝑥𝑝𝛼𝑧)] |
𝜕𝐹
𝜕𝑝
|} (5.18d) 
and 
        
𝜕𝐹
𝜕𝑝
= 2𝑝 − 𝑝𝑐 +
3
2𝑀2
{−2(𝑠𝑟𝛼𝑟 + 𝑠𝜃𝛼𝜃 + 𝑠𝑧𝛼𝑧) + 𝑝𝑐(𝛼𝑟
2 + 𝛼𝜃
2 + 𝛼𝑧
2)}   (5.18e) 
        Eqs. (5.17a)-(5.17c) in combination with Eq. (5.3) hence lead to the desired elastoplastic 
constitutive equation as follows 
        {
𝐷𝜎𝑟
𝐷𝜎𝜃
𝐷𝜎𝑧
} =
1
𝛥
[
𝑏11 𝑏12 𝑏13
𝑏21 𝑏22 𝑏23
𝑏31 𝑏32 𝑏33
] {
𝐷𝜀𝑟
𝐷𝜀𝜃
𝐷𝜀𝑧
} (5.19) 
where 
        𝑏11 =
1
𝐸2
[1 − 𝜇2 + 𝐸𝑚𝜃
2𝑦 + 2𝐸𝜇𝑚𝜃𝑚𝑧𝑦 + 𝐸𝑚𝑧
2𝑦] (5.20a) 
        𝑏12 =
1
𝐸2
[−𝐸𝑚𝑟(𝑚𝜃 + 𝜇𝑚𝑧)𝑦 + 𝜇(1 + 𝜇 − 𝐸𝑚𝜃𝑚𝑧𝑦 + 𝐸𝑚𝑧
2𝑦)] (5.20b) 
        𝑏13 =
1
𝐸2
[−𝐸𝑚𝑟(𝜇𝑚𝜃 + 𝑚𝑧)𝑦 + 𝜇(1 + 𝜇 + 𝐸𝑚𝜃
2𝑦 − 𝐸𝑚𝜃𝑚𝑧𝑦)] (5.20c) 
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        𝑏22 =
1
𝐸2
[1 − 𝜇2 + 𝐸𝑚𝑟
2𝑦 + 2𝐸𝜇𝑚𝑟𝑚𝑧𝑦 + 𝐸 𝑧
2𝑦] (5.20d) 
        𝑏23 =
1
𝐸2
[𝜇 + 𝜇2 + 𝐸𝜇𝑚𝑟
2𝑦 − 𝐸𝑚𝜃𝑚𝑧𝑦 − 𝐸𝜇𝑚𝑟(𝑚𝜃 + 𝑚𝑧)𝑦] (5.20e) 
        𝑏33 =
1
𝐸2
[1 − 𝜇2 + 𝐸𝑚𝑟
2𝑦 + 2𝐸𝜇𝑚𝑟𝑚𝜃𝑦 + 𝐸𝑚𝜃
2𝑦] (5.20f) 
        𝑏21 = 𝑏12 (5.20g) 
        𝑏31 = 𝑏13 (5.20h) 
        𝑏32 = 𝑏23 (5.20i) 
        𝛥 = −
1+𝜇
𝐸3
[(−1 + 𝜇 + 2𝜇2) + 𝐸(−1 + 𝜇)𝑚𝑟
2𝑦 + 𝐸(−1 + 𝜇)𝑚𝜃
2𝑦 − 2𝐸𝜇𝑚𝜃𝑚𝑧𝑦 
                −𝐸𝑚𝑧
2𝑦 + 𝐸𝜇𝑚𝑧
2𝑦 − 2𝐸𝜇𝑚𝑟(𝑚𝜃 + 𝑚𝑧)𝑦] (5.20j) 
which obviously are all explicit functions of the stress components 𝜎𝑟, 𝜎𝜃, and 𝜎𝑧, specific volume 
𝑣, preconsolidation pressure 𝑝𝑐, and of the anisotropic hardening variables 𝛼𝑟, 𝛼𝜃, and 𝛼𝑧. It is 
important for us to appreciate that the above equations (5.19) and (5.20a)-(5.20j) resemble closely 
the ones in Chen and Abousleiman (2013) for the Cam Clay constitutive model, with the only 
exception that 𝑦, 𝑚𝑟, 𝑚𝜃, and 𝑚𝑧 now should be replaced by Eqs. (5.18a)-(5.18e) pertinent to the 
present anisotropic model. 
        One major contribution that was made by Chen and Abousleiman (2013) in solving the 
drained cavity expansion problem had been the introduction of an innovative, suitably chosen 
variable 𝜉 =
𝑢𝑟
𝑟
 , which enables converting the Eulerian equilibrium equation (3.12) to an 
equivalent Lagrangian form so as to be consistent with the already Lagangain-based constitutive 
relations (5.19). Following basically the similar procedure as proposed in Chen and Abousleiman 
(2013) and bearing in mind the resemblance of equilibrium and constitutive equations between the 
isotropic and anisotropic Cam Clay models, one may readily derive the following four governing 
differential equations for the three stresses and specific volume 
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𝐷𝜎𝑟
𝐷𝜉
= −
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
 (5.21a) 
        
𝐷𝜎𝜃
𝐷𝜉
= −
𝑏21
𝑏11
[
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
+
𝑏11−𝑏12
∆(1−𝜉)
] −
𝑏22−𝑏21
∆(1−𝜉)
 (5.21b) 
        
𝐷𝜎𝑧
𝐷𝜉
= −
𝑏31
𝑏11
[
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
+
𝑏11−𝑏12
∆(1−𝜉)
] −
𝑏32−𝑏31
∆(1−𝜉)
 (5.21c) 
        
𝐷𝑣
𝐷𝜉
=
∆𝑣
𝑏11
[
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
+
𝑏11−𝑏12
∆(1−𝜉)
] (5.21d) 
where 
𝐷
𝐷𝜉
  is well known as the material derivative with respect to the auxiliary variable 𝜉 , 
associated with the motion of a specific soil particle (Lagrangian description); and 𝑣0 denotes the 
initial specific volume. It is observed that the right sides of Eqs. (5.21a)-(5.21d) all are involved 
with and explicitly expressed as functions of the eight unknown variables, i.e., 𝜎𝑟, 𝜎𝜃, 𝜎𝑧, 𝑣, 𝑝𝑐, 
𝛼𝑟, 𝛼𝜃, and 𝛼𝑧. Four additional differential equations that govern the three anisotropic hardening 
variables as well as the volumetric hardening variable therefore are required to make the problem 
fully solvable. This accomplishment will be described as follows. 
        The increment of plastic volumetric strain 𝐷𝜀𝑣
𝑝
 is simply given by 
        𝐷𝜀𝑣
𝑝 = 𝐷𝜀𝑣 − 𝐷𝜀𝑣
𝑒 (5.22) 
where 𝐷𝜀𝑣
𝑒 denotes the elastic volumetric strain increment. Using the well-established relation 
(Schofield and Wroth 1968; Muir Wood 1990) 
        𝐷𝜀𝑣
𝑒 = 𝜅
𝐷𝑝
𝑣𝑝
 (5.23) 
and the definition of 𝐷𝜀𝑣 = −
𝐷𝑣
𝑣
, Eq. (5.22) can be taken a further step to give 
        𝐷𝜀𝑣
𝑝 = 𝛬
𝜕𝐹
𝜕𝑝
= −
𝐷𝑣
𝑣
− 𝜅
𝐷𝑝
𝑣𝑝
 (5.24) 
        Substituting Eq. (5.24) into Eqs. (3.2)-(3.3) and then combining with Eqs. (5.21a)-(5.21d), 
one may straightforwardly obtain the following expressions 
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𝐷𝑝𝑐
𝐷𝜉
= −{(
∆𝑣
𝑏11
−
𝜅
3𝑝
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
+ (
∆𝑣
𝑏11
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝑏11−𝑏12
∆(1−𝜉)
  
                                                        −
(𝑏22−𝑏21)+(𝑏32−𝑏31)
3∆(1−𝜉)𝑝
𝜅}
𝑝𝑐
𝜆−𝜅
 (5.25a) 
        
𝐷𝛼𝑟
𝐷𝜉
= −{(
∆𝑣
𝑏11
−
𝜅
3𝑝
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
+ (
∆𝑣
𝑏11
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝑏11−𝑏12
∆(1−𝜉)
  
                              −
(𝑏22−𝑏21)+(𝑏32−𝑏31)
3∆(1−𝜉)𝑝
𝜅} sign[
𝜕𝐹
𝜕𝑝
]
1
𝜆−𝜅
𝑐
𝑝𝑐
(𝑠𝑟 − 𝑥𝑝𝛼𝑟) (5.25b) 
        
𝐷𝛼𝜃
𝐷𝜉
= −{(
∆𝑣
𝑏11
−
𝜅
3𝑝
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
+ (
∆𝑣
𝑏11
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝑏11−𝑏12
∆(1−𝜉)
  
                              −
(𝑏22−𝑏21)+(𝑏32−𝑏31)
3∆(1−𝜉)𝑝
𝜅} sign[
𝜕𝐹
𝜕𝑝
]
1
𝜆−𝜅
𝑐
𝑝𝑐
(𝑠𝜃 − 𝑥𝑝𝛼𝜃) (5.25c) 
        
𝐷𝛼𝑧
𝐷𝜉
= −{(
∆𝑣
𝑏11
−
𝜅
3𝑝
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝜎𝑟−𝜎𝜃
1−𝜉−
𝑣0
𝑣(1−𝜉)
+ (
∆𝑣
𝑏11
−
𝜅𝑏21
3𝑝𝑏11
−
𝜅𝑏31
3𝑝𝑏11
)
𝑏11−𝑏12
∆(1−𝜉)
  
                              −
(𝑏22−𝑏21)+(𝑏32−𝑏31)
3∆(1−𝜉)𝑝
𝜅} sign[
𝜕𝐹
𝜕𝑝
]
1
𝜆−𝜅
𝑐
𝑝𝑐
(𝑠𝑧 − 𝑥𝑝𝛼𝑧) (5.25d) 
5.3.2 Initial Conditions and Elastic-Plastic Boundary 
        Eqs. (5.21a)-(5.21d) and (5.25a)-(5.25d) present a system of simultaneous differential 
equations, with the numbers of unknown functions and equations both equal to eight. Hence, this 
set of equations can be solved as an initial value problem with the independent variable starting at 
𝜉 = 𝜉𝑝 , provided that the associated initial values of 𝜎𝑝(𝜉𝑝) , 𝜎𝜃(𝜉𝑝) , 𝜎𝑧(𝜉𝑝) , 𝑣(𝜉𝑝) , 𝑝𝑐(𝜉𝑝) , 
𝛼𝑟(𝜉𝑝), 𝛼𝜃(𝜉𝑝), and 𝛼𝑧(𝜉𝑝) are well specified. Here 𝜉𝑝 corresponds to the value of 
𝑢𝑟
𝑟
 of a given 
particle, evaluated when it is just entering into the plastic state. It is easily seen that the initial 
conditions for the latter four hardening parameters are simply given by 
        𝑝𝑐(𝜉𝑝) = 𝑝𝑐,0  (5.26) 
        𝛼𝑟(𝜉𝑝) = 𝛼𝑟,0 (5.27) 
        𝛼𝜃(𝜉𝑝) = 𝛼𝜃,0 (5.28) 
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        𝛼𝑧(𝜉𝑝) = 𝛼𝑧,0 (5.29) 
where 𝑝𝑐,0 is the initial value of 𝑝𝑐 before the expansion of cavity; and 𝛼𝑟,0 , 𝛼𝜃,0 , and 𝛼𝑧,0 are, 
respectively, the components of the initial anisotropic hardening tensors in the radial, tangential, 
and vertical directions, as given in Eqs. (3.8)-(3.10). While the required value of 𝜉𝑝 and the 
corresponding stress components as well as the specific volume can be fully determined from the 
already derived solutions for the outer elastic region, as is shown below.  
        First, it is evident that the stresses 𝜎𝑟(𝜉𝑝), 𝜎𝜃(𝜉𝑝), and 𝜎𝑧(𝜉𝑝) and the displacement 𝑢𝑟(𝜉𝑝) 
must satisfy the elastic region solutions given by Eqs. (5.12)-(5.15), which results in 
        𝜎𝑟(𝜉𝑝) + 𝜎𝜃(𝜉𝑝) = 2𝜎ℎ (5.30) 
        𝜎𝑧(𝜉𝑝) = 𝜎𝑣 (5.31) 
        𝜉𝑝 =
𝜎𝑟(𝜉𝑝)−𝜎ℎ
2𝐺0
 (5.32) 
        𝑣(𝜉𝑝) = 𝑣0 (5.33) 
where Eq. (5.33) follows from Eq. (5.11). 
        On the other hand, at the instant that the material point just starts to yield the same stress 
components need to be located on the initial yield surface. Therefore, according to Eq. (3.1), 
        [𝑝(𝜉𝑝)]
2 − 𝑝(𝜉𝑝) ∙ 𝑝𝑐,0 +
3
2𝑀2
{[𝑠𝑟(𝜉𝑝) − 𝑝(𝜉𝑝) ∙ 𝛼𝑟,0]
2
+ 
        [𝑠𝜃(𝜉𝑝) − 𝑝(𝜉𝑝) ∙ 𝛼𝜃,0]
2
+ [𝑠𝑧(𝜉𝑝) − 𝑝(𝜉𝑝) ∙ 𝛼𝑧,0]
2
+ [𝑝𝑐,0 − 𝑝(𝜉𝑝)]𝑝(𝜉𝑝) ∙ 
        (𝛼𝑟,0
2 + 𝛼𝜃,0
2 + 𝛼𝑧,0
2 )} = 0 (5.34) 
where 𝑝(𝜉𝑝) =
𝜎𝑟(𝜉𝑝)+𝜎𝜃(𝜉𝑝)+𝜎𝑧(𝜉𝑝)
3
. 
        If Eqs. (5.30), (5.31), and (5.34) are combined it is found that 
        𝜎𝑟(𝜉𝑝) = 𝜎ℎ + √(𝜎ℎ − 𝑝0)2 + 𝜛 (5.35) 
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        𝜎𝜃(𝜉𝑝) = 𝜎ℎ − √(𝜎ℎ − 𝑝0)2 + 𝜛 (5.36) 
where 𝑝0 =
2𝜎ℎ+𝜎𝑣
3
 and 𝜛 =
𝑀2
3
(𝑝0𝑝𝑐,0 − 𝑝0
2) − 2(𝑝0 − 𝜎ℎ)
2 + 2𝑝0𝛼𝑟,0(𝜎ℎ − 𝑝0) − 
1
2
(𝜎𝑧
′ − 𝑝0
′ )2 + 𝑝0
′𝛼𝑧,0(𝜎𝑧
′ − 𝑝0
′ ) −
1
2
𝑝0
′𝑝𝑐,0
′ (𝛼𝑟,0
2 + 𝛼𝜃,0
2 + 𝛼𝑧,0
2 ). 
        Eqs. (5.26)-(5.29), together with Eqs. (5.31)-(5.33) and (5.35)-(5.36), provide explicitly all 
the required initial conditions and suffice to solve the system of differential equations (5.21a)-
(5.21d) and (5.25a)-(5.25d) governing the anisotropic elastoplastic cavity expansion problem 
under drained conditions. 
5.3.3 Solutions in Connection with Radial Coordinate 
        At this stage it should be emphasized that the solutions resulting from Eqs. (5.21a)-(5.21d) 
and (5.25a)-(5.25d) are indeed expressed in relation to the auxiliary variable 𝜉 rather than to the 
particle position 𝑟. For completeness of the solution, a link between 𝜉 and 𝑟 is thus demanded and 
can be established following the conversion technique proposed by Chen and Abousleiman (2013) 
as 
        
𝑟
𝑎
= 𝑒
∫
𝑑𝜉
1−
𝑣0
𝑣(𝜉)(1−𝜉)
−𝜉
𝜉
𝜉(𝑎)
 (5.37) 
And for the particular position of the current elastic-plastic interface 𝑟𝑝, 
        
𝑟𝑝
𝑎
= 𝑒
∫
𝑑𝜉
1−
𝑣0
𝑣(𝜉)(1−𝜉)
−𝜉
𝜉𝑝
𝜉(𝑎)
 (5.38) 
5.4 Results and Discussions 
        With the aid of the symbolic computational software Mathematica 11.0, this section presents 
the numerical results for the cylindrical cavity expansion under drained condition in an anisotropic 
modified Cam Clay soil. Intensive parametric studies have been conducted firstly for verification 
of the proposed anisotropic formulations and solution scheme. Thereafter, the significant effects 
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of 𝐾0 consolidation as well as the subsequent stress-induced anisotropy are highlighted by making 
comparisons between Chen and Abousleiman’s (2013) isotropic results and the current anisotropic 
ones. Finally, the influences of overconsolidation ratio (𝑂𝐶𝑅) on the stress patterns outside the 
cavity, the development of stress-induced anisotropy, as well as on the stress path followed by a 
soil particle are examined to some extent. 
5.4.1 Verification Against Existing Solutions 
        For the purposes of verification, the current cavity expansion solution is implemented 
numerically to recover the existing studies [isotropic case by Chen and Abousleiman (2013); and 
𝐾0  anisotropic case by Li J.P. et al. (2017)]. To analyze the isotropic example (Chen and 
Abousleiman, 2017), this work takes sufficiently small values of the controlling anisotropic 
plasticity parameters, i.e., 𝑐 → 0, 𝛼𝑟 → 0, 𝛼𝜃 → 0, and 𝛼𝑧 → 0. The reason for so doing instead of 
setting an exact zero value for these parameters is obvious, to retain the plastic anisotropy feature 
of the soil (though negligible) throughout the calculation and thus provide a true validation of the 
current anisotropic elastoplastic solution. On the other hand, to make a comparison with Li et al. 
(2017), the 𝐾0 anisotropiy of soil is kept through the present study by setting the three principal 
anisotropy variables 𝛼𝑟 = 𝛼𝜃 = −
1−𝐾0
1+2𝐾0
  and 𝛼𝑧 =
2(𝐾0−1)
1+2𝐾0
 , whereas letting the anisotropic 
parameter 𝑐 → 0. It is also quite obvious to do so, for keeping the stress-induced anisotropy, though 
slight, in demonstrating the influence of 𝐾0  initial anisotropy. The parameters used for the 
Table 5.1 Parameters used for verification with existing solutions 
 
𝑀 = 1.2, 𝜆 = 0.15, 𝜅 = 0.03, 𝑣 = 0.278, and 𝑣𝑐𝑠 = 2.74 
𝑂𝐶𝑅 𝜎ℎ: kPa  𝜎𝑣: kPa 𝑝0: kPa 𝑞0: kPa 𝐾0 𝑣0 𝐺0: kPa 
1.06 100 160 120 60 0.625 2.06 4302 
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calculation of this subsection are summarized in Table 5.1. 
        Fig. 5.1 compares the cavity expansion curve plotted in term of 𝜎𝑎 versus 
𝑎
𝑎0
 as well as the 
propagation of elastic-plastic interface 
𝑟𝑝
𝑎
 with respect to the normalized cavity radius 
𝑎
𝑎0
, between 
the current anisotropic results and the isotropic solutions (Chen and Abousleiman, 2013). In 
addition, another comparison is made between these two studies for the distributions of three stress 
components 𝜎𝑟, 𝜎𝜃, 𝜎𝑧 and specific volume 𝑣 along the radial distance 
𝑟
𝑎
  for an expanded radius 
of 
𝑎
𝑎0
= 2 (Fig. 5.2). From the excellent agreement between the anisotropic solutions (full lines) 
and the corresponding isotropic results (dots) [Chen and Abousleiman 2013], the validation of the 
present anisotropic formulations and solutions is evidently justified. 
 
 
Fig. 5.1 Comparisons between isotropic and anisotropic solutions: variations of cavity pressure 
and elastic-plastic interface with normalized cavity radius, OCR = 1.06 
 
1 2 3 4 5 6 7 8 9 10
0
100
200
300
400
500
600
r
p

a

a
: 
k
P
a
 a/a
0
 
Current study
Chen & Abousleiman (2013)
0
2
4
6
8
10
12
r
p /a
64 
 
 
 
Fig. 5.2 Comparisons between isotropic and anisotropic solutions: variations of the three stress 
components and specific volume with radial distance, OCR = 1.06 
 
 
 
Fig. 5.3 Comparisons between K0 consolidation and current solutions: variations of three stress 
components and specific volume with radial distance, OCR = 1.06 
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        Fig. 5.3 shows the comparisons of stresses and specific volume distributions (𝜎𝑟, 𝜎𝜃, 𝜎𝑧 and  
𝑣 ) with the normalized radial coordinate (
𝑟
𝑎
 ), between the current anisotropic solution and 𝐾0 
consolidation anisotropy approach (Li et al., 2017). It is seen that these two studies have a fairly 
good agreement with each other, thus again indicating the validity of the current research. It is 
worth noting that the solid line representing the current anisotropic case is obtained by setting the 
anisotropy variables of 𝛼𝑟 = 𝛼𝜃 = −
1−𝐾0
1+2𝐾0
 , 𝛼𝑧 =
2(𝐾0−1)
1+2𝐾0
  and 𝑐 → 0 , which is just a special 
condition of the present work as the stress-induced anisotropy is nearly eliminated. 
5.4.2 Effects of K0 Consolidation and Subsequent Stress-Induced Anisotropy 
        The effects of initial 𝐾0 consolidation and subsequent stress-induced anisotropy are evaluated 
on the distributions of stress components and specific volume, variations of the anisotropic and 
volumetric hardening parameters, and on the 𝑝 − 𝑞 stress path for a soil element at the cavity wall 
as well. The soil parameters used in the calculations are those related to case 𝐴 with 𝑂𝐶𝑅 = 1, as 
summarized in Table 5.2. 
Table 5.2 Parameters used in numerical analyses for anisotropic case 
 
𝑀 = 1.2, 𝜆 = 0.15, 𝜅 = 0.03, 𝑣𝑐𝑠 = 2.74, 𝑐 = 2, 𝑥 = 2.3, 𝛼𝑟,0 = 𝛼𝜃,0 = −0.21, 𝛼𝑧,0 = 0.42 
𝐶𝑎𝑠𝑒 𝑂𝐶𝑅 𝑣0 𝐾0,𝑛𝑐 𝐾0,𝑜𝑐 
𝐺0 
(kPa) 
𝜎ℎ 
(kPa) 
𝜎𝑣 
(kPa) 
𝑝0 
(kPa) 
𝑞0 
(kPa) 
A 1 2.16 0.55 0.55 2516 54.91 99.84 69.89 44.93 
B 2 2.16 0.55 0.70 2822 39.19 55.99 44.79 16.80 
C 4 2.16 0.55 1.00 3094 30.94 30.94 30.94 0 
 
        Fig. 5.4 shows the variations of cavity pressure 𝜎𝑎 with the normalized cavity radius 
𝑎
𝑎0
 , 
predicted, respectively, by the 𝐾0 anisotropic and isotropic Cam Clay models. It is seen that the 
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isotropic model yields greater value of cavity pressure than the 𝐾0 anisotropic Cam Clay model, 
thus indicating the overestimation of the cavity pressure required to stabilize the cavity by the 
isotropic model. In addition, the cavity pressure increases dramatically for the isotropic and 
anisotropic cases with the expanded cavity radius having the value of 1 ≤
𝑎
𝑎0
≤ 4. The limiting 
cavity pressure does exist and has been reached by the time that the cavity is expanded to roughly 
7 times its original radius. After that, a constant cavity pressure is observed which essentially 
corresponds to the well-known cavity creation problem. 
 
 
Fig. 5.4 Influences of K0 consolidation on the variations of internal cavity pressure 
 
        Fig. 5.5 shows the distribution curves of 𝜎𝑟 , 𝜎𝜃 , 𝜎𝑧 , and 𝑣 against the normalized radial 
distance 
𝑟
𝑎
 corresponding to an expanded cavity radius of 
𝑎
𝑎0
= 2. Also included in this figure are 
the counterpart isotropic results from Chen and Abousleiman (2013) in which the soil plastic 
anisotropy has been entirely neglected. Fig. 5.5 reveals that ignoring the anisotropic behaviour of 
the soil, although having little impact on the general trends of the stress and specific volumetric 
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distribution, may result in appreciable overestimates or underestimates of these variables at some 
places. A comparison with the undrained cylindrical cavity expansion (Chen and Liu, 2019) 
however indicates that such effects of anisotropy are less significant for the present drained 
situation, especially if the magnitude of 𝜎𝑟 is concerned. 
 
 
Fig. 5.5 Influences of K0 consolidation on the distributions of three stress components and 
specific volume around the cavity 
 
        Fig. 5.6 illustrates the distributions of hardening parameter 𝑝𝑐 and anisotropic variables 𝛼𝑟, 
𝛼𝜃, 𝛼𝑧 again for 
𝑎
𝑎0
= 2, which actually also represent the evolving anisotropic plasticity of a soil 
particle due to the self-similarity nature of the cavity expansion problem. The continuing 
development of soil anisotropy is shown by the fact that 𝛼𝑟 and 𝛼𝜃 deviate gradually from each 
other with the accumulated plastic strain. In contrast, the isotropic assumption in Chen and 
Abousleiman (2013) has rendered the vanishing of anisotropy everywhere, i.e., 𝛼𝑟 = 𝛼𝜃 = 𝛼𝑧 ≡
0, indicated by the black dash line with a zero y-intercept. 
1 2 3 4 5 6 7 8 9 10
0
50
100
150
200
250
300
 K
0
 anisotropic Cam Clay model
 Isotropic Cam Clay model
v
S
p
e
c
ific
 v
o
lu
m
e
: v

z



r
a/a
0
 = 2
 

r,
 

, 
a
n
d
 
z
: 
k
P
a
r/a
1.9
2.0
2.1
2.2
68 
 
 
 
Fig. 5.6 Influences of K0 consolidation on the distributions of three anisotropic variables and 
pressure hardening parameter around the cavity 
 
        The stress paths in the 𝑝 − 𝑞 plane followed by a soil element at the cavity surface are further 
plotted and compared in Fig. 5.7. For both anisotropic and isotropic Cam Clay models, the in situ 
stress state is represented by the same point 𝐴 with 𝑝0 = 69.9 kPa and 𝑞0 = 44.9 kPa. During the 
cavity expansion, each of the two stress paths approaches asymptotically the critical state line from 
the “wet” side, with the anisotropic one targeting at a relatively lower stress level yet seemingly a 
faster pace. The current yield surfaces, meanwhile, become progressively larger so as to 
accommodate the plastic straining and new stress state, as indicated by the two yield loci passing 
through points 𝐹 and 𝐹′ (Fig. 5.7). It is as expected that with the use of isotropic Cam Clay model, 
the yield locus always remains symmetric about the 𝑝 axis during the course of cavity expansion. 
However, it is not true for the anisotropic case. From Fig. 5.7, it is clearly seen that the initial solid 
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Fig. 5.7 Influences of K0 consolidation on the p’-q stress path 
 
expansion process to appropriately reflect the rotational hardening of the anisotropic elastoplastic 
model employed. 
5.4.3 Effects of Overconsolidation Ratio 
        To facilitate the parametric analysis, three different values of 𝑂𝐶𝑅 = 1 , 2 , and 4  are 
examined to investigate how it influences the responses of cavity. The soil parameters for these 
three cases are given in Table 5.2, which have the same set-up as used in Chen and Liu (2019). 
        Fig. 5.8 illustrates the variations of cavity pressure 𝜎𝑎 with the normalized cavity radius 
𝑎
𝑎0
 
under three different values of 𝑂𝐶𝑅 = 1 , 2 , and 4 . In this figure it is apparent that the cavity 
pressure decreases with the increase of 𝑂𝐶𝑅, and that the cavity pressure accumulates greatly until 
the cavity is expanded to the radius approximate 4 times the initial cavity size, which also has been 
observed in Fig. 5.4. For these three 𝑂𝐶𝑅𝑠 considered, a constant value of load on the cavity wall, 
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radius is equal to or greater than roughly 7 times its original size. 
 
 
Fig. 5.8 Variations of internal cavity pressure with normalized cavity radius 
 
        Fig. 5.9 shows the variations of the stress components 𝜎𝑟, 𝜎𝜃, 𝜎𝑧 and specific volume 𝑣 with 
the normalized radial distance 
𝑟
𝑎
 for the three values of 𝑂𝐶𝑅 studied, all corresponding to 
𝑎
𝑎0
= 2. 
The general trend in this figure is that the stresses increase with decreasing 
𝑟
𝑎
 in the plastic region, 
except for the normally consolidated case of 𝑂𝐶𝑅 = 1 in which both 𝜎𝜃 and 𝜎𝑧 first tend to drop 
down to certain minimum values, and then climb up progressively in the closer vicinity of the 
cavity. It is found that all the three stress components at the cavity surface decreases monotonically 
with the increase of 𝑂𝐶𝑅, though probably not very markedly. For example, 𝜎𝑟(𝑎) reduces from 
254.0 kPa to 226.7 kPa as 𝑂𝐶𝑅 ranges from 1 to 4 , indicating that a lower cavity expansion 
pressure is required to double the cavity radius (
𝑎
𝑎0
= 2) for a moderately overconsolidated soil. 
The observed somewhat steep slopes in the near-cavity parts of the 𝜎𝑟 and 𝜎𝑧 curves imply that 
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(a) OCR = 1 
 
 
 
(b) OCR = 2 
 
Fig. 5.9 Distributions of three stresses and specific volume along radial distance 
(fig. cont’d.) 
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(c) OCR = 4 
 
the soil particles even very close to the cavity wall still have not reached the critical failure state, 
a similar phenomenon having been reported in Chen and Abousleiman (2013) for the solution of 
cavity expansion in isotropic Cam Clay soil. Finally, it is interesting to note that throughout the 
range of 𝑂𝐶𝑅 from 1 to 4 , the change in the specific volume 𝑣 is fairly modest and the soil 
undergoes merely compression during the whole process of expansion. 
        The impacts of 𝑂𝐶𝑅 on the distributions (or evolutions) of the hardening parameter 𝑝𝑐 and 
anisotropy variables 𝛼𝑟, 𝛼𝜃, 𝛼𝑧 around the cavity, at the instant of 
𝑎
𝑎0
= 2, are further given in Fig. 
5.10. Note that due to the constraint condition 𝛼𝑟 + 𝛼𝜃 + 𝛼𝑧 = 0 imposed on the anisotropy 
deviator tensor 𝛼𝑖𝑗, among the three rotational hardening variables as presented in the figure only 
two of them are in fact independent, i.e., the increase in 𝛼𝑟 in some way must compensate for the 
reduction in 𝛼𝜃 and 𝛼𝑧 (Chen and Liu, 2019). Also shown in Fig. 5.10 is the strictly monotonic 
increase in 𝑝𝑐 with the decrease of radial distance, for all the three values of 𝑂𝐶𝑅 considered, 
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(a) OCR = 1 
 
 
 
(b) OCR = 2 
 
Fig. 5.10 Distributions of pressure hardening parameter and three anisotropic variables along the 
radial distance: (a) OCR = 1; (b) OCR = 2; and (c) OCR = 4 
(fig. cont’d.) 
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(c) OCR = 4 
 
which therefore provides a clear indication of the general strain hardening behaviour of the 
surrounding soils that occurs in the course of cylindrical cavity expansion. 
        Fig. 5.11 depicts the stress paths followed by a soil element at the cavity wall in the 𝑝 − 𝑞 
plane and in the deviatoric plane 𝜋 for 𝑂𝐶𝑅 = 1, 2, and 4. As would be expected, the in situ stress 
points are located on and inside the initial yield surfaces, respectively, for 𝑂𝐶𝑅 equal to and greater 
than 1, see point 𝐴 and associated yield loci projected onto the 𝑝 − 𝑞 and 𝜋 planes. In this figure 
𝑌𝑆𝐼, 𝑌𝑆𝐹, and 𝐶𝑆𝐿𝐹 correspond to the sections perpendicular to the space diagonal, of the initial 
yield surface encompassing point A and of the final yield surface and conical critical state surface 
through the ending stress point 𝐹 when the expanded cavity radius 
𝑎
𝑎0
= 2. All these cross sections 
can be proved to have a circular shape (see the figures in the deviatoric plane) except for the 
specific case of 𝑂𝐶𝑅 = 1, for which the in situ stress point locates at the rightmost of the initial 
yield ellipsoid and therefore the projection of the ellipsoid simply shrinks to a point (𝐴) on the 𝜋 
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(a) OCR = 1 
 
Fig. 5.11 Stress path followed by a soil particle at cavity wall in p-q plane and deviatoric plane: 
(a) OCR = 1; (b) OCR = 2; (c) OCR = 4 
(fig. cont’d.) 
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(b) OCR = 2 
(fig. cont’d.) 
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(c) OCR = 4 
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plane. As before, the 𝑝 − 𝑞 stress path for 𝑂𝐶𝑅 = 1 (Fig. 5.11a) first moves upper-left and then 
turns upper-right towards the critical state line as cavity expansion proceeds, which is accompanied 
by a significant leftward move of the stress path in the deviatoric plane (Fig. 5.11a). The shapes of 
the stress curves observed for the overconsolidated cases of 𝑂𝐶𝑅 = 2 and 4 are similar to those 
for the normally consolidated soil (𝑂𝐶𝑅 = 1). The main distinct difference is that the 𝑝 − 𝑞 stress 
paths (Figs. 5.11b and 5.11c) now must rise at constant 𝑝 until the initial yield loci are reached (at 
𝐶) and the corresponding stress paths in the 𝜋 plane (Figs. 5.11e and 5.11f) go straight to the left 
due to the elastic deformation. The comparisons in Fig. 5.11 also show that as 𝑂𝐶𝑅 increases, the 
stress path tends toward the critical state line at relatively lower mean stress 𝑝 and deviatoric stress 
𝑞. Note that in Fig. 5.11c the ellipse passing through point 𝐶, i.e., the cross section of the initial 
yield surface of ellipsoid with the plane containing both hydrostatic axis and yielding point 𝐶, is 
symmetric with respect to the 𝑝 axis. This, nevertheless, by no means indicates that the initial 
ellipsoidal yield surface is aligned with the hydrostatic axis as well. This point probably can be 
demonstrated much more clearly through the deviatoric plane (Fig. 5.11c) where the section of the 
yield surface 𝑌𝑆𝐼 is found indeed not centred at the origin on the 𝜋 plane. As a matter of fact, for 
all the three 𝑂𝐶𝑅 cases considered in the analysis, the initial yield surfaces are virtually identical, 
each of them having the same level of inclination/distortion in the stress space as a result of 𝐾0 
consolidation. 
5.5 Summary 
        An exact elastoplastic solution for the drained expansion of a cylindrical cavity in 𝐾0 
consolidated soils is developed in a rigorous manner, based on Dafalias’ representative anisotropic 
Cam Clay model that is capable of capturing both the inherent and stress-induced anisotropies. 
Following the novel solution scheme proposed earlier by Chen and Abousleiman (2013), an 
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additional auxiliary variable has been introduced to establish a link between the Eulerian and 
Lagrangian formulations of the radial equilibrium condition. The plastic zone solution can be 
eventually obtained by evaluating numerically a system of eight partial differential equations, 
which essentially involves the three stress components and three anisotropic hardening parameters 
both in radial, tangential, and vertical directions, specific volume, as well as the preconsolidation 
pressure. 
        The present anisotropic formulations and solutions are verified against the existing isotropic 
results in terms of the overall cavity responses and of the distributions of stress components and 
specific volume. Numerical results demonstrate that neglecting the anisotropic behaviour of the 
soil may lead to appreciable overestimates or underestimates of these stress and volumetric 
variables at some places. The great impacts of overconsolidation ratio are also clearly observed on 
the stress patterns outside the cavity, the development of stress-induced anisotropy, and on the 
stress paths as well. It is shown that the stress path tends toward the critical state line at relatively 
lower mean and deviatoric stresses as 𝑂𝐶𝑅  increases. The proposed semi-analytical solution 
provides a useful benchmark from which the numerical results may be evaluated for various 
geotechnical boundary value problems involving the sophisticated anisotropic critical state 
plasticity models. 
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CHAPTER 6. DEVELOPMENT OF FINITE ELEMENT 
COMPUTATIONAL SOLUTION AND ITS APPLICATION 
6.1 Introduction 
        Geotechnical engineering provides a fertile ground for the development of analytical 
formulations for a variety of boundary value problems (Selvadurai, 2007), such as the 
consolidation settlement modelling and predictions (Chen et al., 2005; Gibson et al., 1967; Geng 
and Yu, 2007); tunnelling and cavity expansion problems; and pile foundation analysis. There is 
no doubt that analytical solutions, if available, are always appealing as they can facilitate and 
deepen the fundamental understanding of the physics and mechanism underlying the associated 
boundary value problems. However, the development of analytical approaches is generally not 
feasible and has been limited to the geotechnical engineering problems that possess sufficient 
geometric symmetries and/or extremely simple boundary conditions. For the complex 
geotechnical problems commonly encountered in practice, it is inevitable to resort to the numerical 
treatment and this is particularly true when the more advanced/realistic constitutive models, i.e., 
nonlinear plastic behaviour for soils, are taken into account. 
        This chapter develops an implicit integration algorithm for the anisotropic modified Cam 
Clay soil model, using the standard return mapping approach (elastic predictor-plastic corrector), 
to obtain the updated stresses and state parameters for given strain increments (Belytschko et al., 
2000; Souza Neto et al., 2008). It is found that the finite element formulation of the constitutive 
relationship essentially involves 13 simultaneous equations with 6 stress components 𝜎𝑖𝑗 and 7 
state variables 𝛼𝑖𝑗 and 𝑝𝑐
′  as the basic unknowns to be solved. The integration algorithm developed 
for this model is thereafter implemented into the commercial program, ABAQUS, through the 
interface of the user defined material subroutine (UMAT). Numerical simulations are performed 
meanwhile on the undrained and drained cavity expansion problems as well as on the miniature 
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piezocone penetration test in order to validate the developed integration algorithm. The predictions 
from the ABAQUS simulations are generally in excellent agreement with the available analytical 
and experimental results, thus demonstrating the accuracy and robustness of the proposed 
integration scheme. In addition, two illustrative geotechnical problems, pile setup and tunnel 
excavation considering the consolidation of soils, are solved numerically using this developed 
computational solution. The results indicate that with the elapse of time the mean effective stress 
estimated is found to increase and decrease, respectively, for the pile and tunnel excavation 
problems, which directly results in the increase and decrease of undrained shear strength of soils 
and therefore may well explain the pile setup effects and potential collapse in tunnel. 
6.2 Implicit Integration Algorithm for Anisotropic Modified Cam Clay Model 
        In this section, an implicit integration algorithm is developed for the anisotropic modified 
Cam Clay model that can be implemented in the finite element analysis. It uses the classical return 
mapping scheme, in which an elastic trial step is first executed, followed by the plastic correction 
to correct the internal variables and to return the predicted states of stresses back to the supposed 
yield surface. It is found that simultaneously satisfying the consistency condition and associated 
flow rule in addition to the conservation of energy dissipation, the computational solution for such 
model is eventually reduced to solving a system of differential equations which well relate 
incremental stresses/state variables to strain increments. 
6.2.1 Basic Equations 
        During the purely elastic deformation, the soil response is characterised by the generalized 
isotropic linear elastic stress-strain relationship, which can be written in an incremental form as 
        𝑑𝜎𝑖𝑗
′ = 𝐶𝑖𝑗𝑘𝑙 ∙ 𝑑𝜀𝑘𝑙
𝑒  (6.1) 
where the subscript, for example 𝑖, is an indicial notation and the summation convention is applied 
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over the repeated indices; the subscript 𝑖𝑗 represents the components of the second-order tensor, 
i.e., 𝑑𝜎𝑖𝑗
′  and 𝑑𝜀𝑖𝑗
𝑒 , respectively, specify the increments in the effective stress 𝜎𝑖𝑗
′  and elastic strain 
component 𝜀𝑖𝑗
𝑒  ; the subscript 𝑖𝑗𝑘𝑙 defines the components of the fourth-order tensor, i.e., 𝐶𝑖𝑗𝑘𝑙 
denotes the material elastic fourth-order tensor, expressed as 
        𝐶𝑖𝑗𝑘𝑙 = (𝐾 −
2
3
𝐺)𝛿𝑖𝑗𝛿𝑘𝑙 + 𝐺 ∙ (𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) (6.2) 
        𝐾 =
𝑣𝑝′
𝜅
=
(1+𝑒)𝑝′
𝜅
 (6.3) 
        𝐺 =
3(1−2𝜇)(1+𝑒)𝑝′
2(1+𝜇)𝜅
 (6.4) 
in which 𝐾 and 𝐺 denote bulk and shear moduli, respectively; 𝛿𝑖𝑗 is the Kronecker delta; 𝑣 and 𝑒 
are current specific volume and void ratio;  𝑝′ =
1
3
𝜎𝑘𝑘
′  is the mean effective stress; 𝜅 defines the 
slope of loading-reloading line in 𝑒 − ln𝑝′ plane; 𝜇 denotes the drained Poisson's ratio. 
        In the elastoplastic domain, the total strain increment 𝑑𝜀𝑖𝑗 can be decomposed into the elastic 
and plastic components 𝑑𝜀𝑖𝑗
𝑒  and 𝑑𝜀𝑖𝑗
𝑝
, i.e., 
        𝑑𝜀𝑖𝑗 = 𝑑𝜀𝑖𝑗
𝑒 + 𝑑𝜀𝑖𝑗
𝑝
 (6.5) 
where 𝑑𝜀𝑖𝑗
𝑝
 represents an increment in the plastic strain 𝜀𝑖𝑗
𝑝
 and can be calculated through the 
associated flow rule with the normality condition, as 
        𝑑𝜀𝑖𝑗
𝑝 = 𝛬 ∙
𝜕𝐹
𝜕𝜎𝑖𝑗
′  (6.6) 
with 𝐹 and 𝛬 specifying the yield function and corresponding scalar multiplier (loading index), 
respectively. 
        Combining Eqs. (6.1) and (6.5), the effective stress increments 𝑑𝜎𝑖𝑗
′   in the elastoplastic 
deformation can be determined as 
        𝑑𝜎𝑖𝑗
′ = 𝐶𝑖𝑗𝑘𝑙 ∙ (𝑑𝜀𝑖𝑗 − 𝑑𝜀𝑖𝑗
𝑝 ) (6.7) 
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6.2.2 Elastic Prediction 
        At the beginning of the time step [𝑡𝑛, 𝑡𝑛+1 ], the soil response is assumed to be fully elastic 
conforming to Hooke’s law as denoted in Eq. (6.1), with the incremental trial plastic strains, 
consolidation pressure and anisotropic variables vanishing. Thus, one has 
        𝑑𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟 = 𝐶𝑖𝑗𝑘𝑙,𝑛+1 ∙ 𝑑𝜀𝑖𝑗,𝑛+1
𝑒 = 𝐶𝑖𝑗𝑘𝑙,𝑛+1 ∙ 𝑑𝜀𝑖𝑗,𝑛+1 (6.8) 
        𝑑𝜀𝑖𝑗,𝑛+1
𝑝,𝑡𝑟 = 𝑑𝑝𝑐,𝑛+1
′𝑡𝑟 = 𝑑𝛼𝑖𝑗,𝑛+1
𝑡𝑟 = 0 (6.9) 
where the subscript 𝑛 + 1 denotes the time 𝑡 = 𝑡𝑛+1; and superscript 𝑡𝑟 represents the variables 
after elastic predictions. Note that the definitions of prior notations still apply herein. For example. 
𝑑𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟  and 𝑑𝜀𝑖𝑗,𝑛+1
𝑝,𝑡𝑟
, respectively, are the incremental components of trial stress and plastic strain 
at 𝑡 = 𝑡𝑛+1. 
        The trial stress 𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟  , trial plastic strain 𝜀𝑖𝑗,𝑛+1
𝑝,𝑡𝑟
 , trial consolidation pressure 𝑝𝑐,𝑛+1
′,𝑡𝑟  , trial 
anisotropic variable 𝛼𝑖𝑗,𝑛+1
𝑡𝑟 , and the trial elastic strain 𝜀𝑖𝑗,𝑛+1
𝑒,𝑡𝑟  can be calculated by combining Eqs. 
(6.8)-(6.9), as 
        𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟 = 𝜎𝑖𝑗,𝑛
′ + 𝐶𝑖𝑗𝑘𝑙,𝑛+1 ∙ 𝑑𝜀𝑖𝑗,𝑛+1 (6.10) 
        𝜀𝑖𝑗,𝑛+1
𝑝,𝑡𝑟 = 𝜀𝑖𝑗,𝑛
𝑝
 (6.11) 
        𝑝𝑐,𝑛+1
′,𝑡𝑟 = 𝑝𝑐,𝑛
′  (6.12) 
        𝛼𝑖𝑗,𝑛+1
𝑡𝑟 = 𝛼𝑖𝑗,𝑛 (6.13) 
        𝜀𝑖𝑗,𝑛+1
𝑒,𝑡𝑟 = 𝜀𝑖𝑗,𝑛
𝑒 + 𝑑𝜀𝑖𝑗,𝑛+1 (6.14) 
where the subscript 𝑛 denotes the time 𝑡 = 𝑡𝑛. 
        Eqs. (6.10)-(6.14) are valid, provided that the predicted states remain within the yield surface, 
i.e., 𝐹(𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟 , 𝑝𝑐,𝑛+1
′𝑡𝑟 , 𝛼𝑖𝑗,𝑛+1
𝑡𝑟 ) ≤ 0. Otherwise, the plastic correction step needs to be taken, which 
will be discussed as follows. 
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6.2.3 Elastoplastic Constitutive Tensor 
        An elastic prediction at the beginning of each incremental step results in a considerable drift 
of the predicted states of stresses from the supposed yield surface, if the real deformation is 
elastoplastic instead of purely elastic. To correct such drift, it is necessary to identify the real 
magnitudes of the state variables by simultaneous satisfaction of the flow rule, consistency 
condition and hardening law. According to Eq. (6.7), the real stress increments 𝑑𝜎𝑖𝑗,𝑛+1
′  over the 
current time step [𝑡𝑛, 𝑡𝑛+1 ] can be determined as 
        𝑑𝜎𝑖𝑗,𝑛+1
′ = 𝐶𝑖𝑗𝑘𝑙,𝑛+1 ∙ 𝑑𝜀𝑘𝑙,𝑛+1
𝑒 = 𝐶𝑖𝑗𝑘𝑙,𝑛+1 ∙ (𝑑𝜀𝑘𝑙,𝑛+1 − 𝑑𝜀𝑘𝑙,𝑛+1
𝑝 ) (6.15) 
        The consistency condition has to be enforced to ensure that the corrected states remain on the 
updated yield surface, i.e., 
        𝑑𝐹𝑛+1 = (
𝜕𝐹
𝜕𝜎𝑖𝑗
′ )
𝑛+1
𝑑𝜎𝑖𝑗,𝑛+1
′ + (
𝜕𝐹
𝜕𝑝𝑐
′)
𝑛+1
𝑑𝑝𝑐,𝑛+1
′ + (
𝜕𝐹
𝜕𝛼𝑖𝑗
)
𝑛+1
𝑑𝛼𝑖𝑗,𝑛+1 = 0 (6.16) 
        Substituting Eqs. (3.2), (3.3) and (6.15) back into (6.16), the consistency equation can be 
rewritten as 
        𝑑𝐹𝑛+1 = (
𝜕𝐹
𝜕𝜎𝑖𝑗
′ )
𝑛+1
𝐶𝑖𝑗𝑘𝑙,𝑛+1 ∙ (𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
𝑝 )
𝑛+1
+ (
𝜕𝐹
𝜕𝑝𝑐
′)
𝑛+1
∙ 𝛬𝑛+1 ∙ ?̅?𝑐,𝑛+1
′  
                       +(
𝜕𝐹
𝜕𝛼𝑖𝑗
)
𝑛+1
∙ 𝛬𝑛+1 ∙ ?̅?𝑖𝑗,𝑛+1 = 0 (6.17a) 
where 
        ?̅?𝑐,𝑛+1
′ =
(1+𝑒𝑛+1)
𝜆−𝜅
(
𝜕𝐹
𝜕𝑝′
)𝑛+1𝑝𝑐,𝑛+1
′  (6.17b) 
        ?̅?𝑖𝑗,𝑛+1 =
(1+𝑒𝑛+1)
𝜆−𝜅
tr(
𝜕𝐹
𝜕𝜎𝑚𝑛
′ )𝑛+1sign(
𝜕𝐹
𝜕𝑝′
)𝑛+1
𝑐
𝑝𝑐,𝑛+1
′ (𝑠𝑖𝑗,𝑛+1
′ − 𝑥𝑝𝑛+1
′ 𝛼𝑖𝑗,𝑛+1) (6.17c) 
in which the symbol tr denotes trace. 
        Rearranging Eq. (6.17a) one solves for 𝛬𝑛+1 with the aid of Eq. (6.6) as follows 
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        𝛬𝑛+1 = (
𝜕𝐹
𝜕𝜎𝑚𝑛
′ 𝐶𝑚𝑛𝑠𝑡𝑑𝜀𝑠𝑡
𝜕𝐹
𝜕𝜎𝑎𝑏
′ 𝐶𝑎𝑏𝑐𝑑
𝜕𝐹
𝜕𝜎𝑐𝑑
′ −
𝜕𝐹
𝜕𝑝𝑐
′  ?̅?𝑐
′−
𝜕𝐹
𝜕𝛼𝑒𝑓
 ?̅?𝑒𝑓
)
𝑛+1
 (6.18) 
        Recalling the associated flow rule in Eq. (6.6), the real magnitudes of plastic strain increments 
𝑑𝜀𝑖𝑗,𝑛+1
𝑝
 can be obtained by recovering the loading index 𝛬𝑛+1 in Eq. (6.18), as 
        𝑑𝜀𝑖𝑗,𝑛+1
𝑝 = (
𝜕𝐹
𝜕𝜎𝑚𝑛
′ 𝐶𝑚𝑛𝑠𝑡𝑑𝜀𝑠𝑡
𝜕𝐹
𝜕𝜎𝑎𝑏
′ 𝐶𝑎𝑏𝑐𝑑
𝜕𝐹
𝜕𝜎𝑐𝑑
′ −
𝜕𝐹
𝜕𝑝𝑐
′  ?̅?𝑐
′−
𝜕𝐹
𝜕𝛼𝑒𝑓
 ?̅?𝑒𝑓
)
𝑛+1
∙ (
𝜕𝐹
𝜕𝜎𝑖𝑗
′ )
𝑛+1
 (6.19) 
        Therefore, the incremental components of drift stresses 𝑑𝜎𝑖𝑗,𝑛+1
′,𝑑𝑟  can be determined as 
        𝑑𝜎𝑖𝑗,𝑛+1
′,𝑑𝑟 = 𝐶𝑖𝑗𝑘𝑙,𝑛+1 ∙ 𝑑𝜀𝑘𝑙,𝑛+1
𝑝 = 𝐷𝑖𝑗𝑘𝑙,𝑛+1
𝑒𝑝 ∙ 𝑑𝜀𝑘𝑙,𝑛+1 (6.20a) 
        𝐷𝑖𝑗𝑘𝑙,𝑛+1
𝑒𝑝 = (
𝜕𝐹
𝜕𝜎𝑚𝑛
′ 𝐶𝑚𝑛𝑠𝑡
𝜕𝐹
𝜕𝜎𝑠𝑡
′
𝜕𝐹
𝜕𝜎𝑎𝑏
′ 𝐶𝑎𝑏𝑐𝑑
𝜕𝐹
𝜕𝜎𝑐𝑑
′ −
𝜕𝐹
𝜕𝑝𝑐
′  ?̅?𝑐
′−
𝜕𝐹
𝜕𝛼𝑒𝑓
 ?̅?𝑒𝑓
)
𝑛+1
∙ 𝐶𝑖𝑗𝑘𝑙,𝑛+1 (6.20b) 
        Careful observation on Eq. (6.20b) reveals that the formulation of the elastoplastic 
constitutive tensor 𝐷𝑖𝑗𝑘𝑙,𝑛+1
𝑒𝑝
  involves two unknowns, 𝑝𝑐
′   and 𝛼𝑖𝑗 . To correct the drift of the 
predicted stresses from the supposed yield surface, one has to find two more equations relating the 
incremental hardening parameters 𝑑𝑝𝑐
′  and 𝑑𝛼𝑖𝑗 to the given strain increments 𝑑𝜀𝑘𝑙, which will be 
elaborated as follows. 
6.2.4 Hardening Parameters-Strain Tensor 
        Making use of Eqs. (3.2), (3.3) and (6.18), the increments in the hardening parameters 𝑝𝑐
′  and 
𝛼𝑖𝑗 can be obtained as 
        𝑑𝑝𝑐,𝑛+1
′ = 𝐸𝑖𝑗,𝑛+1
𝑒𝑝 ∙ 𝑑𝜀𝑖𝑗,𝑛+1 (6.21a) 
        𝐸𝑖𝑗,𝑛+1
𝑒𝑝 = (
𝜕𝐹
𝜕𝜎𝑘𝑙
′ 𝐶𝑘𝑙𝑖𝑗
𝜕𝐹
𝜕𝜎𝑎𝑏
′ 𝐶𝑎𝑏𝑐𝑑
𝜕𝐹
𝜕𝜎𝑐𝑑
′ −
𝜕𝐹
𝜕𝑝𝑐
′  ?̅?𝑐
′−
𝜕𝐹
𝜕𝛼𝑖𝑗
 ?̅?𝑖𝑗
1+𝑒
𝜆−𝜅
𝜕𝐹
𝜕𝑝′
𝑝𝑐
′)
𝑛+1
 (6.21b) 
        𝑑𝛼𝑖𝑗,𝑛+1 = 𝐻𝑖𝑗𝑘𝑙,𝑛+1
𝑒𝑝 ∙ 𝑑𝜀𝑘𝑙,𝑛+1 (6.22a) 
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        𝐻𝑖𝑗𝑘𝑙,𝑛+1
𝑒𝑝 =
[
 
 
 
 
𝜕𝐹
𝜕𝜎𝑖𝑗
′ 𝐶𝑖𝑗𝑘𝑙
𝜕𝐹
𝜕𝜎𝑎𝑏
′ 𝐶𝑎𝑏𝑐𝑑
𝜕𝐹
𝜕𝜎𝑐𝑑
′ −
𝜕𝐹
𝜕𝑝𝑐
′  ?̅?𝑐
′−
𝜕𝐹
𝜕𝛼𝑖𝑗
 ?̅?𝑖𝑗
(1+𝑒)
𝜆−𝜅
tr (
𝜕𝐹
𝜕𝜎𝑚𝑛
′ ) sign (
𝜕𝐹
𝜕𝑝′
)
∙
𝑐
𝑝𝑐
′ (𝑠𝑖𝑗
′ − 𝑥𝑝′𝛼𝑖𝑗) ]
 
 
 
 
𝑛+1
 (6.22b) 
        At this stage, the ingredients required for developing an integration algorithm for the 
anisotropic modified Cam Clay model are complete as denoted in Eqs. (6.20)-(6.22). 
6.2.5 Implicit Integration Equations 
        Considering the complexity of the anisotropic modified Cam Clay model, this section adopts 
the implicit backward Euler method to correct the predicted stress/strain components and update 
the hardening parameters. Given that the incremental components of the stress drift 𝑑𝜎𝑖𝑗,𝑛+1
′,𝑑𝑟  and 
of the corrected hardening parameters 𝑑𝑝𝑐,𝑛+1
′  and 𝑑𝛼𝑖𝑗,𝑛+1 have already been identified in Eqs. 
(6.20)-(6.22), thus the real stress components 𝜎𝑖𝑗
′  and hardening parameters 𝑝𝑐
′  and 𝛼𝑖𝑗 at the end 
of the time step [𝑡𝑛, 𝑡𝑛+1 ] can be calculated as 
        𝜎𝑖𝑗,𝑛+1
′ = 𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟 − 𝑑𝜎𝑖𝑗,𝑛+1
′,𝑑𝑟 = 𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟 − 𝐷𝑖𝑗𝑘𝑙,𝑛+1
𝑒𝑝 ∙ 𝑑𝜀𝑘𝑙,𝑛+1 (6.23) 
        𝑝𝑐,𝑛+1
′ = 𝑝𝑐,𝑛+1
′,𝑡𝑟 + 𝑑𝑝𝑐,𝑛+1
′ = 𝑝𝑐,𝑛
′ + 𝐸𝑖𝑗,𝑛+1
𝑒𝑝 ∙ 𝑑𝜀𝑖𝑗,𝑛+1 (6.24) 
        𝛼𝑖𝑗,𝑛+1 = 𝛼𝑖𝑗,𝑛+1
𝑡𝑟 + 𝑑𝛼𝑖𝑗,𝑛+1 = 𝛼𝑖𝑗,𝑛 + 𝐻𝑖𝑗𝑘𝑙,𝑛+1
𝑒𝑝 ∙ 𝑑𝜀𝑘𝑙,𝑛+1 (6.25) 
        The elastic and plastic strain components 𝜀𝑖𝑗,𝑛+1
𝑒  and 𝜀𝑖𝑗,𝑛+1
𝑝
 can be corrected as 
        𝜀𝑖𝑗,𝑛+1
𝑒 = 𝜀𝑖𝑗,𝑛+1
𝑒,𝑡𝑟 − 𝑑𝜀𝑖𝑗,𝑛+1
𝑝
 (6.26) 
        𝜀𝑖𝑗,𝑛+1
𝑝 = 𝜀𝑖𝑗,𝑛+1
𝑝,𝑡𝑟 + 𝑑𝜀𝑖𝑗,𝑛+1
𝑝
 (6.27) 
6.2.6 Solution Procedures 
        The integration algorithm developed for this model is implemented into the finite element 
analysis commercial program, ABAQUS, through the material interface of UMAT, which is passed 
the relevant data from main program and returns back the updated values. Fig. 6.1 summarizes the 
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detailed solution procedures to be followed to solve the problem. 
1.        Establish the finite element mesh in ABAQUS 
2.        Integrate with UMAT 
3.        ABAQUS Main Program PASSES PARAMETERS to UMAT SUBROUTINE 
                   3.1.        Elastic Prediction [Eqs. (6.10)-(6.14)] 
                   3.2.        Yielding determination 𝐹(𝜎𝑖𝑗,𝑛+1
′,𝑡𝑟 , 𝑝𝑐,𝑛+1
′𝑡𝑟 , 𝛼𝑖𝑗,𝑛+1
𝑡𝑟 ) ≥ 0 
                   3.3.        Plastic Correction 
                                         While (Calculation Residual Value ≥ Tolerance) 
                                         3.3.1.        Calculate loading index 𝛬𝑛+1 using Eq. (6.18) 
                                         3.3.2.        Obtain incremental stress drifts 𝑑𝜎𝑖𝑗,𝑛+1
′,𝑑𝑟 , hardening  
                                                           parameters 𝑑𝑝𝑐,𝑛+1
′  and 𝑑𝛼𝑖𝑗,𝑛+1 using Eqs. (6.20)- 
                                                           (6.22) 
                                         3.3.3.        Update stress 𝜎𝑖𝑗,𝑛+1
′ , strain 𝜀𝑖𝑗,𝑛+1, hardening 
                                                           parameter 𝑝𝑐,𝑛+1
′  and 𝛼𝑖𝑗,𝑛+1 using Eqs. (6.23)- 
                                                           (6.27) 
                                         EndFunction 
                   3.4.        End 
4.        UMAT SUBROUTINE RETURNS to ABAQUS Main Program 
Fig. 6.1 Calculation procedure for finite element implementation of anisotropic modified Cam 
Clay model in ABAQUS 
6.3 Validations with Cavity Expansion Analytical Solutions 
        This section verifies the developed finite element integration algorithm against the undrained 
and drained analytical solutions in chapters 4 and 5 for the problems of cylindrical cavity 
No 
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expansions in the anisotropic modified Cam Clay soils. The comparisons are made between the 
numerical results and analytical predictions of the stresses/excess pore pressure (for the undrained 
condition only)/specific volume (for the drained condition only) distributions around the cavity, of 
the variations of hardening parameters versus the radial position, and of the effective stress path 
for a soil element at cavity wall. Note that considering the possible over size of the thesis by 
including all the comparison results, only some of them are presented here to demonstrate the 
validity and accuracy of the proposed finite element integration algorithm. 
6.3.1 Finite Element Model Setup 
        For the verification purpose, this section adopts the same parameters as those considered in 
Chen and Liu (2019) and Liu and Chen (2019) (see Table 6.1) with the permeability k = 2.32 ×
10−3m/s, and the ultimate cavity pressure after expansion holds at 𝜎𝑎 = 240 kPa and 175 kPa, 
respectively, for undrained and drained conditions. Considering both the undrained and drained 
analytical solutions are derived on the condition of plane strain as mentioned above, it is quite 
straightforward to use the plane strain element in ABAQUS to make the numerical simulation as 
close as possible to the analytical solution. To be specific, the undrained case adopts 4-node 
bilinear displacement and pore pressure plane strain element (CPE4P), while the drained case uses 
8-node biquadratic reduced integration plane strain element (CPE8R). For the undrained and 
drained cases, there are two loading steps included, with the first one achieving geostatic 
equilibrium, and the second simulating the cavity expansion process. Note that in the first step, 
stress boundary condition for undrained case is applied on the top and right edges of the model 
and displacement boundary condition on the rest of the edges, thus allowing the conservation of 
volume during the whole process of cavity expansion. However, for the drained case, all exterior 
and cavity surface nodes in this step are fixed with no degree of freedom. In the second loading 
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Table 6.1 Parameters used in numerical analyses 
 
𝑀 = 1.2, 𝜆 = 0.15, 𝜅 = 0.03, 𝑣𝑐𝑠 = 2.744, 𝑣0 = 2.16, 𝑐 = 2, 𝑥 = 2.3, and 𝐴0 = 1 
Case 𝑂𝐶𝑅 𝑅𝑝 𝐾0,𝑛𝑐 𝐾0,𝑜𝑐 
𝐺0 
(kPa) 
𝜎ℎ 
(kPa) 
𝜎𝑣 
(kPa) 
𝑝0 
(kPa) 
𝑞0 
(kPa) 
𝑢0 
(kPa) 
A 1 1.00 0.55 0.55 2516 54.91 99.84 69.89 44.93 85 
B 2 2.07 0.55 0.70 2822 39.19 55.99 44.79 16.80 85 
C 4 3.20 0.55 1.00 3094 30.94 30.94 30.94 0 85 
 
step, both the undrained and drained cases allow the nodes at the cavity wall to move in the radial 
direction only. In addition, a tolerance of 1 × 10−6 is adopted as the convergence criterion. Given 
that finite element mesh refinement has significant influences on the obtained numerical 
estimations, it is thus of necessity to determine the “optimal” mesh first that can satisfy both the 
calculation time effectiveness and the accuracy of the results (Elseifi, 2003; Elseifi et al., 2018). 
6.3.2 Sensitivity Analysis 
        Prior to the verification of the developed UMAT solution, sensitivity analysis needs to be 
carried out first to identify the influences of the refinement of finite element mesh on the numerical 
predictions and therefore to determine the “optimal” mesh. For this purpose, four different meshes 
are adopted (see Fig. 6.2), respectively, in the numerical simulations of the undrained cylindrical 
cavity expansion (using CPE4P as mentioned above) in the anisotropic modified Cam Clay soils, 
with the used parameters tabulated in Case C of Table 6.1. Under these different finite element 
meshes, distributions of stress components and excess pore pressure around cavity wall are then 
presented and compared. Note that these four meshes have the same dimensions as shown in Fig. 
6.2, i.e., the radio of the cavity radius to the width of the model (width = height) takes the value of 
1/50, which generally is enough to eliminate the boundary effects (see Fig. 6.2). 
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(a) Mesh #1 (no. of elements: 640; no. of nodes: 697) 
 
 
 
(b) Mesh #2 (no. of elements: 1920; no. of nodes: 2025) 
 
Fig. 6.2 Numerical model for sensitivity analysis 
(fig. cont’d.) 
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(c) Mesh #3 (no. of elements: 17280; no. of nodes: 17593) 
 
 
 
(d) Mesh #4 (no. of elements: 38880; no. of nodes: 39349) 
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        Figs. 6.3(a)-(d) show the distributions of radial, tangential, vertical stresses and excess pore 
water pressure around cavity wall with the use of the finite element meshes #1 to #4, where the 
ultimate cavity pressure after expansion holds at 𝜎𝑎 = 240 kPa. As expected, with the increases 
of the number of element and node (more refined), the results eventually tend to be in uniform 
distributions [see Figs. 6.3(a)-(d)]. From Figs. 6.3(a)-(c), it indicates that the radial, tangential and 
vertical stresses distributions under the finite element meshes #1 - #4 are, respectively, almost the 
same. Fig. 6.3(d) shows that the effect of mesh refinement on the distribution of excess pore 
pressure around cavity wall is insignificant when the mesh is refiner than Mesh #1. From the above 
analysis, the finite element mesh #2 in Fig. 6.2(b) (no. of elements: 1920; no. of nodes: 2025) 
should be the “optimal” one that satisfies the requirements of both calculation time effectiveness 
and results accuracy, and therefore will be adopted in the following numerical simulations. 
 
 
(a) Distributions of radial stress around cavity 
 
Fig. 6.3 Sensitivity analysis on refinement of finite element mesh 
(fig. cont’d.) 
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(b) Distributions of tangential stress around cavity 
 
 
 
(c) Distributions of vertical stress around cavity 
(fig. cont’d.) 
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(d) Distributions of excess pore pressure around cavity 
 
6.3.3 Comparison and Verification 
        The numerical simulation is firstly conducted under undrained condition where the 
dissipation of excess pore pressure is thought to be impossible due to the time for drainage is quite 
small, i.e., 𝑡 → ∞. Under undrained condition with OCR = 1, the stress components/accumulated 
excess pore pressure distributions, the variations of hardening parameters versus radial coordinate, 
and the effective stress path for a soil element at cavity wall, respectively, are illustrated in Figs. 
6.4(a)-6.4(c), where the ultimate cavity pressure holds at 𝜎𝑎 = 240 kPa [solid lines represent the 
analytical solutions while circle dots denote the finite element results]. It is apparent that the 
numerical results are in excellent agreement with the analytical solutions (Chen and Liu, 2019). 
        Further undrained verifications under OCR = 2 and 4, respectively, are shown in Figs. 6.5-
6.6, where with cavity pressure 𝜎𝑎 = 240  kPa the comparisons are presented between the 
analytical and numerical solutions of the distributions of stress components /excess pore pressure 
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(a) Distributions of radial, tangential, vertical stresses and excess pore pressure around cavity 
 
 
 
(b) Distributions of hardening parameters around cavity 
 
Fig. 6.4 Undrained response of cavity with OCR = 1 
(fig. cont’d.) 
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(c) Effective stress path in p’-q plane for soil element at cavity wall 
 
 
 
(a) Distributions of radial, tangential, vertical stresses and excess pore pressure around cavity 
 
Fig. 6.5 Undrained response of cavity with OCR = 2 
(fig. cont’d.) 
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(b) Effective stress path in p’-q plane for soil element at cavity wall 
 
 
 
(a) Distributions of radial, tangential, vertical stresses and excess pore pressure around cavity 
 
Fig. 6.6 Undrained response of cavity with OCR = 4 
(fig. cont’d.) 
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(b) Effective stress path in p’-q plane for soil element at cavity wall 
 
around cavity and of the effective stress path for a soil element at cavity wall. Again, the 
comparison indicates a good agreement between the UMAT results and the undrained analytical 
solutions by Chen and Liu (2019). 
        The second simulated scenario is under drained condition, which, opposite to undrained case, 
permits the drainage of water all the time during expansion. Figs. 6.7(a)-6.7(d) show, under OCR 
= 1 with cavity pressure 𝜎𝑎 = 175 kPa, the comparisons between the UMAT and the analytical 
solutions of the stress/specific volume distributions and the hardening parameters variations 
around the cavity as well as the stress path for a soil element at cavity wall. As noted in Liu and 
Chen (2019), the stress-path is Lode angle-dependent in the 3D principal stress space. For the ease 
of understanding, the stress path is plotted in the deviatoric plane in addition to the p’-q plane. The 
results indicate a perfect agreement between the numerical and analytical results (Liu and Chen, 
2019). 
0 20 40 60 80 100
0
20
40
60
80
C
F
CSL
ESP Current yield locus
Initial yield locus
q
: 
k
P
a
p
'
: kPa
 Analytical
 UMAT

a
 = 240 kPa
M = 1.2
A (30.6, 0.0)
99 
 
 
 
(a) Distributions of radial, tangential, vertical stresses and specific volume around cavity 
 
 
 
(b) Distributions of hardening parameters around cavity 
 
Fig. 6.7 Drained response of cavity with OCR = 1 
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(c) Stress path in p’-q plane for soil element at cavity wall 
 
 
 
(d) Stress path in deviatoric plane for soil element at cavity wall 
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        As the further validations, Figs. 6.8-6.9 show the comparisons of the stress path between the 
UMAT and the drained analytical solutions (Liu and Chen, 2019) under OCR = 2 and 4, 
respectively, with cavity pressure 𝜎𝑎 = 175 kPa. In both p’-q and deviatoric planes the stress paths 
determined by these two solutions, again, fit quite well with each other. 
        From the rigorous confirmations between the analytical and finite element numerical 
solutions, as presented in Figs. 6.4-6.9, it is redundantly clear that the developed UMAT for the 
anisotropic modified Cam Clay model as well as its finite element implementation are sufficiently 
accurate and reliable. 
 
 
(a) Stress path in p’-q plane for soil element at cavity wall 
 
Fig. 6.8 Drained response of cavity with OCR = 2 
(fig. cont’d.) 
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(b) Stress path in deviatoric plane for soil element at cavity wall 
 
 
 
(a) Stress path in p’-q plane for soil element at cavity wall 
 
Fig. 6.9 Drained response of cavity with OCR = 4 
(fig. cont’d.) 
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(b) Stress path in deviatoric plane for soil element at cavity wall 
 
6.4 Miniature Piezocone Penetration Test: Validation and Penetration Rate Evaluation 
        Kurup et al. (1994) performed a series of miniature piezocone penetration tests (MPCPTs) in 
the cohesive soil and reported the profiles of cone penetration resistances as well as the excess 
pore water pressure build up. As the further verification, this section uses the developed 
computational solution to model the MPCPTs and the comparisons are made with those in Kurup 
et al. (1994). Subsequently, the effects of MPCPT penetration rate on the cone tip resistance and 
excess pore pressure build up are evaluated numerically with the use of the current UMAT solution. 
6.4.1 Finite Element Model Setup 
        The parameters used in the numerical simulation of MPCPTs are tabulated in Table 6.2. Note 
that Kurup et al. (1994) only presented 𝑂𝐶𝑅 , 𝐾0,𝑛𝑐 , 𝐾0,𝑜𝑐 , 𝜎ℎ0
′  , 𝜎𝑣0
′  , 𝑝0
′  , and 𝑞0 , which can be 
subsequently used to determine 𝐺0 (Chen and Abousleiman, 2012); 𝑐 and 𝑘 are assumed by this 
research to have those values in Table 6.2 for the reason that they are not given by Kurup et al. 
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Table 6.2 Parameters used in validations against miniature piezocone penetration testing 
 
𝑀 = 1.2, 𝜆 = 0.11, 𝜅 = 0.024, 𝜇 = 0.3, 𝑣0 = 2.0, and 𝑥 = 2.3 
Case 𝑂𝐶𝑅 𝐾0,𝑛𝑐 𝐾0,𝑜𝑐 
𝐺0 
(kPa) 
𝜎ℎ0
′  
(kPa) 
𝜎𝑣0
′  
(kPa) 
𝑝0
′  
(kPa) 
𝑞0 
(kPa) 
𝑐 
𝑘 
(m/s) 
D 1 1.00 1.00 7962 207 207 207.0 0 6 1 × 10−8 
E 1 0.52 0.52 5413 107.6 207 140.7 99.4 -0.1 1 × 10−8 
 
 
 
 
 
 
 
Fig. 6.10 Finite element mesh of MPCPT (no. of element: 13,921; no of nodes: 14,244) 
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(1994); due to the same reason, other parameters are all from Wei (2004). MPCPT usually can be 
simplified as a geometric problem of axisymmetry. As a result, 4-node axisymmetric quadrilateral, 
bilinear displacement, bilinear pore pressure (CAX4P) element is used to account for such 
geometric simplification and pore pressure development. To avoid the issue of convergence, a pre-
bored finite element mesh of MPCPT is established with the specific dimension shown in Fig. 6.10 
(Wei, 2004). The cone of the MPCPT used has a projected cone area of 1 cm2 and a cone apex 
angle of 60° (Fig. 6.11). The cone-soil interface is modelled as frictional contact with the frictional 
coefficient of 0.25, using the segment to segment contact feature in ABAQUS. The pore pressure 
filter is located at the starting of 0.5 mm above the base of the cone with 0.2 mm height (Fig. 6.11). 
In the numerical simulation, there are two loading steps included, with the first one achieving the 
geostatic equilibrium and the second one simulating the process of penetration. In the first loading 
step, all the exterior nodes are fixed with no degree of freedom except the nodes at the top edge of 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6.11 Schematic illustration of cone penetrometer device (after Chen and Liu, 2018) 
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the model on which in-situ vertical stress is applied. In the second loading step, the penetrometer 
is allowed to move downwards only with other boundary conditions specified in the first step hold 
unchanged. In addition, the penetration depth and time are chosen to be 6 mm and 0.3 s  to 
accommodate the penetration rate of 2 cm/s (Kurup et al., 1994), and the step size uses 0.001 s. 
Again, a tolerance of 1 × 10−6 is adopted as the convergence criterion. 
        It has to be pointed out that compared with the real MPCPTs, the current numerical 
simulations of MPCPTs only allow 6 mm of penetration depth. However, study (Kiousis, 1985) 
has shown that the failure state (tip resistance almost holds unchanged) of soils around the cone 
tip is close to be reached when the penetration depth is around one-third of the diameter of the 
cone (3.76 mm). Therefore, the failure state is believed to be achieved in the numerical simulations. 
In this study, comparisons are made between the UMAT solution and Kurup et al. (1994) of the tip 
resistance and excess pore water pressure at failure state. In addition, different from the real 
MPCPTs where the penetration starts from the very top of the soil surface, a pre-bored finite 
element mesh is established as the initial state of the test in order to avoid the convergence problem. 
To overcome the above two assumptions (or simplifications), the ALE technique should be adopted 
in the numerical simulation of the real penetration in the future study. 
6.4.2 Further Comparison and Verification 
        Figs. 6.12-6.13 show the comparisons between the UMAT predictions and MPCPT 
measurements of tip resistance and excess pore pressure distributions along the penetration depth 
for soil specimen D and E, respectively. From Fig. 6.12, the UMAT solution predicts well the 
excess pore pressure but yields slightly lower values of tip resistance. For soil specimen E in Fig. 
6.13, both the tip resistance and excess pore pressure are estimated very well by the UMAT 
approach. 
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        Overall, the results from the UMAT solutions have fairly good agreements with those from 
the MPCPTs, thus indicating again the validity of the developed integration algorithm for the 
anisotropic modified Cam Clay model. 
 
 
Fig. 6.12 Comparisons between UMAT and experimental results for soil specimen D. (a) The 
variation of tip resistance with penetration depth; (b) The variation of excess pore water pressure 
with penetration depth 
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Fig. 6.13 Comparisons between UMAT and experimental results for soil specimen E. (a) The 
variation of tip resistance with penetration depth; (b) The variation of excess pore water pressure 
with penetration depth 
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        In MPCPTs, an important factor affecting the measured profiles of cone tip resistance and 
excess pore pressure is the rate of penetration, which, according to the International Reference Test 
Procedure (IRTP) and the ASTM standard (ASTM D5778), should take the value of 2 ∓ 0.5 cm/s 
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penetration rate on MPCPT. 
        In this section, the effects of MPCPT penetration rate on the cone tip resistance and excess 
pore pressure build up in the saturated cohesive soils D and E are investigated using the current 
developed UMAT. The finite element mesh and parameters adopted in this section are the same as 
those for the above verification of UMAT solution against the MPCPTs, as shown in Figs. 6.10-
6.11 and tabulated in Table 6.2. 
        Figs. 6.14-6.15 show the influences of three MPCPT penetration rates v = 0.2 cm/s , 
2.0 cm/s and 20.0 cm/s on the cone tip resistance and excess pore pressure for soils D and E, 
respectively. From Fig. 6.14, it is found that cone tip resistance decreases and excess pore water 
pressure increases as the penetration rate increases, which is in line with some field in-situ testings 
(Campanella et al., 1983; Rocha Filho and Alencar, 1985). When the slow penetration rate 
increases from v = 0.2 cm/s to 2.0 cm/s, both the tip resistance and excess pore pressure change 
dramatically, thus indicating that the penetration rate at such magnitude has significant influences 
on the MPCPT. In contrast, the effect of penetration rate within the range of v = 2.0 cm/s to 
20.0 cm/s is somehow marginal on the predicted tip resistance and excess pore water pressure. 
For the soil specimen E in Fig. 6.15, with the increase of penetration rate the cone tip resistance 
decreases and excess pore water pressure remarkably increases, which has also been identified in 
the soil specimen D. The low penetration rate of v = 0.2 cm/s to 2.0 cm/s is found to heavily 
affect the magnitude of excess pore water pressure and to have little effects on the predicted cone 
tip resistance. Within the range of v = 2.0 cm/s to 20.0 cm/s, the influence of penetration rate on 
both the cone tip resistance and excess pore water pressure is insignificant, a similar conclusion 
has already been drawn from soil specimen D. 
        For the saturated cohesive soils, the results indicate that the predicted cone tip resistance 
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decreases and excess pore water pressure increases as the penetration rate increases and that 
compared with high penetration rate, the low penetration rate has significant influences on MPCPT. 
 
 
Fig. 6.14 Comparisons between UMAT and experimental results for soil specimen D. (a) The 
variation of tip resistance with penetration depth; (b) The variation of excess pore water pressure 
with penetration depth 
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Fig. 6.15 Comparisons between UMAT and experimental results for soil specimen E. (a) The 
variation of tip resistance with penetration depth; (b) The variation of excess pore water pressure 
with penetration depth 
 
6.5 Practical Applications 
        In geotechnical engineering, the generation and dissipation of excess pore water pressure are 
crucial aspects that shall be considered, attributed mainly to the fact that excess pore pressure can 
have a significant influence on soil strength and stability. In this section, two practical problems, 
relevant to the pile setup phenomenon and tunnel excavation accounting for the consolidation 
process of soils, will be numerically explored using the developed integration algorithm. 
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        As is known, a gradual increase over time in the bearing capacity of driven pile embedded in 
cohesive soils is often referred to as pile setup effect, which occurs due to the dissipation of excess 
pore pressure and regain of strength for the soils around pile. For tunnelling, it often involves a 
situation where the time required for the opening and closure of tunnel driven through clays is 
quite short when compared with the time for the subsequent consolidation process, and where the 
impervious primary support is applied on the tunnel surface immediately after the closure of tunnel. 
In this case, it is called tunnel excavation considering the consolidation of soils. 
6.5.1 Finite Element Model Setup 
        Pile setup and tunnel excavation considering the consolidation of soils can be simplified as 
the cavity expansion and contraction problems, followed by the dissipation process of excess pore 
pressure. The numerical simulations of these two situations adopt the parameters as those in Case 
C of Table 6.1 as well as the permeability k = 5 × 10−10m/s, and the ultimate cavity pressures 
after expansion and contraction hold at 240 kPa and 0 kPa, respectively. In the two cases, there 
are three loading steps, with the first two achieving geostatic equilibrium and simulating cavity 
expansion/contraction, and the third one for the consolidation (assuming outward dissipation 
process of excess pore pressure). Note that element type and model dimension [see Fig. 6.2.(b)] in 
this section are the same as those in the validation against undrained analytical solution for 
cylindrical cavity expansion. The total time for dissipation of excess pore pressure is chosen to be 
50 days and automatic step size is used with the minimum and maximum steps being 4 × 10−7 s 
and 9000 s, respectively. Again, a tolerance of 1 × 10−6 is adopted. 
6.5.2 Limitations 
        Pile setup and tunnel excavation have been modelled using the integration algorithm 
developed in this chapter. However, it is necessary to point out that in the numerical simulations 
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of the above two problems, the following limitations exist. 
        (1) In the modelling of pile setup below, only the setup induced by the consolidation of soils 
is considered. Further research is recommended to fully consider the pile setup effects by including 
the thixotropic setup and aging in addition to the consolidation setup. 
        (2) In the numerical simulation of the tunnel excavation problem below considering the 
consolidation of soils, it is assumed that the in-situ stresses in the plane of the cross section of 
tunnel are isotropic. Further research is suggested to consider the more general situation where the 
plane in-situ stresses are anisotropic. In addition, the considered tunnel excavation problem, as the 
preliminary application of the proposed integration algorithm, does not take into account the soil-
lining structure interaction. It is recommended to include the primary and secondary lining 
structure in the future study. 
6.5.3 Pile Setup 
        Fig. 6.16 presents isochrones, with t = 0  d,  2  d, 10  d and 50  d, respectively, of radial, 
tangential, and vertical stresses and pore pressure distributions around pile hole, where the total 
pressure after the creation of pile hole is 𝜎𝑎 = 240 kPa and the radial position has been normalized 
as r/a. It is found that tangential and vertical stresses increase whereas pore pressure decreases 
with time progresses, deviating gradually from their respective original curves (t = 0 d). It also 
indicates that with the elapse of time, the value of radial stress increases only in the vicinity of 
cavity wall but declines in a little far region. In the far field, the effect of time is insignificant, 
resulting in the uniform distributions of these four curves. In addition, the singularity points lying 
between r/a = 8  and 9 on the four isochrones in Figs. 6.16(a)-(d) may represent the elastic- 
plastic interface. In Fig. 6.16(b), the poroelastoplastic behaviour of soils leads to such isochrones 
of tangential stress around pile hole, having the minimum values around r/a = 5. From the above 
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(a) Isochrones of radial stress 
 
 
 
(b) Isochrones of tangential stress 
 
Fig. 6.16 Isochrones of radial, tangential, and vertical stresses and pore pressure around pile hole 
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(c) Isochrones of vertical stress 
 
 
 
(d) Isochrones of pore pressure 
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observations, it is apparent that the mean effective stress increases with time, which, according to 
critical state soil mechanics (Roscoe and Burland, 1968; Muir Wood, 1990), can lead to a gradual 
increase of undrained shear strength of soil and therefore may well explain the pile setup effects. 
6.5.4 Tunnel Excavation 
        Fig. 6.17 plots isochrones, with t = 0 d,  2 d, 10 d and 50 d, respectively, of radial, tangential, 
and vertical stresses and pore pressure distributions around tunnel surface, where the total pressure 
after the tunnel closure holds 𝜎𝑎 = 0 kPa and the radial position has been normalized as r/a. The 
results show that opposite to the case of pile setup, tangential and vertical stresses in tunnel 
excavation decrease whereas pore pressure increases with time progresses, deviating gradually 
from their respective original curves (t = 0 d). However, it has to be pointed out that the radial 
stress decreases only in the vicinity of cavity wall while increases in a little far region. The effect 
 
(a) Isochrones of radial stress 
 
Fig. 6.17 Isochrones of radial, tangential, and vertical stresses and pore pressure around tunnel 
surface 
(fig. cont’d.) 
2 5 20 501 10
-10
0
10
20
30
40

' r:
 k
P
a
r/a
 t = 0d
 t = 2d
 t = 10d
 t = 50d
117 
 
 
(b) Isochrones of tangential stress 
 
(c) Isochrones of vertical stress 
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(d) Isochrones of pore pressure 
 
of time is still insignificant in the far field, leading to the same curve distributions. In this case, the 
mean effective stress around the tunnel surface decreases over time, which indicates that the soils 
lose the strength and that the collapse of tunnel and underground openings may occur if the 
drainage of water continues. 
6.6 Summary 
        In this chapter, an implicit integration algorithm is proposed for the anisotropic modified Cam 
Clay model. For given strain increments, the stresses and state variables are updated following the 
standard return mapping approach, i.e., elastic predictor-plastic corrector scheme. The presented 
finite element formulation of the constitutive relationship involves a total number of 13 
simultaneous equations, which contains 6  stresses 𝜎𝑖𝑗 , 6  anisotropic variables 𝛼𝑖𝑗 , and 1 
hardening parameter 𝑝𝑐
′  as the unknowns to be solved. FORTRAN is then employed to implement 
the developed implicit integration algorithm for the anisotropic modified Cam Clay model into 
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ABAQUS through the material interface of UMAT. For validation purpose, numerical simulations 
are performed on the problems of undrained and drained cylindrical cavity expansions as well as 
on the miniature penetration tests. Afterwards, as the potential applications, two illustrative 
problems, pile setup and tunnel excavation considering the consolidation of soils, are analyzed 
using this developed integration algorithm. It shows that the predictions by the UMAT agree well 
with the existing analytical/experimental results, thus demonstrating the validity and accuracy of 
the proposed integration scheme. In addition, with the elapse of time the mean effective stress 
estimated is found to increase and decrease, respectively, for the pile and tunnel excavation 
problems, which directly results in the increase and decrease of undrained shear strength of soils 
and therefore may well explain the pile setup effects and potential collapse in tunnel and 
underground opening. 
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CHAPTER 7. CONCLUSIONS AND FUTURE WORKS 
7.1 Conclusions 
        This research develops rigorous semi-analytical solutions for the fundamental cavity 
expansion problem using the anisotropic modified Cam Clay model originally proposed by Y. F. 
Dafalias in 1987, by assuming small-strain deformation in the elastic region and large strain 
deformation in the plastic region. It is found that the undrained/drained cavity expansion boundary 
value problems both can be eventually reduced to solving a system of first-order ordinary 
differential equations in the plastic zone, with the radial, tangential, and vertical stresses in 
association with the three anisotropic hardening parameters and specific volume (for the drained 
condition only) being the basic unknowns. Extensive parametric studies are then made of the 
influences of K0 consolidation anisotropy (including also the subsequent stress-induced anisotropy) 
and past consolidation history (OCR) on the cavity responses during the expansion process. The 
calculated stress components and anisotropic hardening variables distributions, and in particular 
the effective stress trajectories, capture reasonably well the evolutions of the rotational and 
distortional yield surface in the principal stress space as well as the anticipated elastoplastic to 
failure behaviour of the soils surrounding the cavity. The proposed solutions therefore are able to 
provide more realistic analyses and predictions of the relevant geotechnical and petroleum 
problems. 
        To solve the practical geotechnical problems where analytical solutions are difficult or not 
possible to be obtained, this research develops a computational approach for the anisotropic Cam 
Clay soil model, using the standard return mapping scheme, i.e., elastic predictor – plastic corrector. 
It shows that the finite element formulation of the constitutive relationship essentially involves 13 
simultaneous equations with 6 stress components 𝜎𝑖𝑗 and 7 state variables 𝛼𝑖𝑗 and 𝑝𝑐
′  as the basic 
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unknowns to be solved. FORTRAN is then employed to implement the developed integration 
algorithm into ABAQUS through the material interface of UMAT. For validation purpose, 
numerical simulations are performed on the problems of undrained and drained cylindrical cavity 
expansions as well as on the miniature penetration tests. Afterwards, as the potential applications, 
two illustrative problems, pile setup phenomenon and tunnel excavation considering the 
consolidation of soils, are analyzed using this developed integration algorithm. It indicates that the 
predictions by the UMAT agree well with the existing analytical/experimental results, thus 
demonstrating the validity and accuracy of the proposed integration scheme. In addition, with the 
elapse of time the mean effective stress is found to increase and decrease, respectively, for the pile 
and tunnel excavation problems, which, according to the theory of critical state soil mechanics, 
directly results in the increase and decrease of undrained shear strength of soils and therefore may 
well explain the pile setup effects and potential collapse in tunnel and underground opening. 
7.2 Future Works 
        (1) The main applications of cavity theory, such as the modelling of pile installation, 
tunnelling and the analysis of wellbore stability, all involve the scenario where the geomaterials 
get damaged due to the external loading. It is highly recommended that a damaged index is 
introduced into the anisotropic modified Cam Clay model that relates damage to soils’ 
elastic/elastoplastic properties and that future study can be conducted in this area. In addition, the 
damage elastoplastic constitutive models proposed by Dr. Voyiadjis are highly recommended to 
be adopted in the analysis of cavity problem (Abu-Lebdeh and Voyiadjis, 1993; Voyiadjis et al., 
2008). 
        (2) Studies have shown that pile setup has three main components. The first one is the setup 
induced by the dissipation of excess pore water pressure after the pile driven, which is known as 
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consolidation setup. The second one is called thixotropic setup that accounts for the increase of 
soil strength over time due to the rearrangement and densification of soil particles. As the last one, 
the aging setup is attributed to the creep or secondary compression of the soils around the pile. 
However, the current study only considers the pile setup induced by the consolidation of soils. 
Therefore, future research to fully consider the above three pile setup effects is recommended. 
        (3) The current study solves two practical problems in geotechnical engineering, pile setup 
effects and tunnel excavation considering the consolidations of soils, using the finite element 
numerical method only. In the near future, efforts should be made to obtain the analytical solutions 
for these two problems. Combining the analytical solutions to be derived and the current study, the 
bearing capacity of pile and the stability of tunnel/underground openings in the anisotropic 
modified Cam Clay soils can be solved analytically and numerically. 
        (4) Further research can be conducted on the integration into the anisotropic modified Cam 
Clay model (AMCCM) of spatial mobilized plane (SMP) theory (Matsuoka and Sun, 2006), which 
captures well the shearing behaviour of soils/rocks under complicated states of stresses. The 
revised SMP-AMCCM model can be applied analytically and numerically to investigate the pile 
setup effects, stability of slope, and tunnel excavation problems and the obtained results should be 
more realistic. 
        (5) The developed undrained and drained analytical solutions in the current research are 
limited to saturated soils only. For unsaturated soils where the three phases exist - solid, water and 
air, it is apparent that the current formulated solutions cannot be used to solve the cavity 
expansion/contraction problems in such geomaterials. However, it is conceivable that the 
procedures behind the formulations of the undrained and drained analytical solutions in the thesis 
should still apply when solving the cavity problems in unsaturated soils. 
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        (6) Cavity theory considering the elastic-viscoplastic behaviour is still rare, even though 
excessive deformation and collapse due to the creep of soft clays and/or rocks often occur in tunnel 
and underground openings. It is suggested that the current study is extended to include the EVP 
behaviour and further applications in practical engineering, e.g., tunnelling and circular 
underground openings, are pursued.  
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